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Abstract
This thesis is a study of the dynamics and virialization of cosmic structures in the frame-
work of ﬂat cosmological models where the properties of the dark energy component
plays an important role in the global and local dynamics of the Universe. In particular,
the analysis focuses on the study of the spherical collapse model which represents a
spherical homogeneous density perturbation in the cosmic ﬂuid. It is a two-component
system, made of cold dark matter and dark energy, which initially evolves with the
Universe and with time begins to decouple from the background expansion and starts
to “turn around” and ﬁnally collapse. It is taken into account many models with an
equation of state which are constant in time. Three main conditions for virialization
will be considered and compared, and some diﬀerences in characteristic parameters
will be pointed out, such as the radius and density contrast when the structures have
virialized to a ﬁnal size.
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Chapter 1
Outline
In 1972 the spherical collapse model was presented by Gunn and Gott (GG) [1]. Since
then it has proven to be a powerful tool for understanding and analysing the growth
of inhomogeneities in the Universe [2, 3, 4, 19, 20, 21, 22, 23, 24, 25, 27]. It describes
the evolution of how a spherical overdensity decouples from the expansion of the back-
ground, eventually ceases to expand, and then collapse towards its center. It is assumed
that the collapse of this sphere never reaches a singularity but at some stage virializes
and stabilizes at a ﬁnite size. How to deﬁne the epoch of virialization depends on
what type of properties one impose the components of the sphere to have, what type
of universe model it is in, and also on considerations of energy conservation.
There exists an analytical solution to this model when it is applied for the EdS uni-
verse. In this case the ratio of the radius at virialization Rvir to the maximal radius at
turnaround Rta is equal to a half, i.e.
Rvir
Rta
= 12 . Among others it also gives analytical
values for the nonlinear density contrast at turnaround, i.e. ∆ta ≈ 4.55, and an ana-
lytical value for the nonlinear density contrast at virialization, i.e. ∆vir ≈ 145.84 (or
≈ 176.65).
Because the EdS model only contains nonrelativistic dust (CDM) these parameter
values do not apply when one wish to consider an additional component of dark energy
(X). Then the situation becomes more complicated and it has been the subject of
many studies. Lahav and Lilje (LL) et al. [2] generalized the formalism to a Universe
composed of CDM and a speciﬁc X component, i.e. the cosmological constant Λ. They
considered Λ to be passive, i.e. it only contributed with an extra potential UΛ ’felt’
by CDM, and only CDM virialized. This resulted in RvirRta <
1
2 . In the article by Maor
and Lahav (ML) [3] they commented brieﬂy this result saying that this scenario also
corresponds to the dynamics implemented in N -body simulations for the concordance
ΛCDM model which means that Λ only aﬀects the time evolution of the scale factor a
of the background Universe. Horellou and Berge (HB) [4] used the same condition for
virialization as LL when using the spherical collapse model to investigate the eﬀects of
X on the formation of virialized structures. They considered dark energy models with
2 Outline
a constant equation of state, i.e. w = constant, and mainly w = (−1.0,−0.8,−0.6).
Among other things, HB concluded that for −1 < w < −13 clusters form earlier and are
more concentrated in dark energy models than in the ΛCDM model (where w = −1).
In the article by ML they point out that most existing works look at virialization of
the CDM component which only feels an additional potential due to the presence of
X. They argued that by using this procedure, one implicitly assumes that X either
does not virialize, or does so separately from the CDM component. Therefore their
work aimed at critically contrast two diﬀerent approaches - the assumption that the
CDM virializes separately (as in LL and HB) and the assumption that both the CDM
and X of the sphere virializes as a whole. In this context they also considered another
interesting issue relating to the way of ﬁnding the right condition of virialization. They
ﬁrst concluded that if X do not participate in the spherical collapse, i.e. it remains
homogeneous in the same way as the background, then the sphere must lose energy
as it collapses. That is, X will ’leak out’ during the collapse. Yet, the virialization
condition assumes energy conservation between turnaround and virialization. This is
an inconsistency for dark energy models with an equation of state with w 6= −1. ML
introduce a correction to the equation that deﬁnes the ﬁnal virialized radius to take into
account this energy loss for X. They show that the inclusion of X in the virialization
process (as not done in LL and HB) changes the results in a fundamental manner; the
ratio of ﬁnal to maximal size of the sphere is larger if X is part of the virialization.
A short summary is now appropriate. The article by GG implies that by using the
correct virialization condition for a sphere in the EdS model then RvirRta =
1
2 . The
virialization condition introduced in the article by LL results in RvirRta <
1
2 , and the
virialization condition introduced in the article by ML results in RvirRta >
1
2 . Thus, these
fundamental diﬀerent results indicates that by observing virialized structures in the
Universe and to measure their radius, they have the potential to reveal the type and
dynamical nature of the energy components of the Universe, and in addition its correct
equation of state.
This thesis will use the speciﬁc virialization condition used in LL and HB, and the
speciﬁc virialization condition used in ML and also the corrected version accounting for
energy loss from the same article. That is, three diﬀerent considerations of virialization
will be investigated:
• The dark energy is passive, it does not participate in the virialization process but
only sets up an additional potential UX ’felt’ by the CDM. Energy conservation is
neglected.
• The dark energy is dynamical, it does participate in the virialization process, but
does not cluster and thus energy is not conserved.
3• The dark energy is dynamical, it does participate in the virialization process, it does
cluster and thus energy is conserved.
These three diﬀerent conditions will be applied to homogeneous overdense spheres
evolving mainly inside many diﬀerent dark energy universe models with a constant
equation of state where w ∈ [−1, 0]. Their radius at virialization RvirRta will be simu-
lated, and also the two other parameters already mentioned, i.e. the density contrast
∆ta at turnaround, and the density contrast ∆vir at virialization. It will be shown that
these virial conditions gives signiﬁcant diﬀerent results.
In addition will the dynamics of overdense spheres be studied and simulated for diﬀerent
initial density perturbations, inside dark energy models with a constant equation of
state. That is, when no virialization condition is included to halt the collapse.
The simulations are done by a code developed for this thesis. In all of the dark energy
universe models where the evolution of the sphere takes place are ﬂat and based on the
FLRW metric and with two energy components with density parameters Ωm0 = 0.3 for
CDM and ΩX0 = 0.7 for X.
Note that for this thesis there is no characteristic length scales associated to the col-
lapsing system so the spherical collapse remains independent of the size of the object.
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Chapter 2
Preliminaries
”..in order to make an apple pie from scratch, you must first invent the Universe.”
-Carl Sagan
For describing the Universe in a scientiﬁc manner, one need certain basic physical
theories. A complete theory is yet to be fully discovered, but luckily one do not really
need it, because in most situations one is interested in describing only speciﬁc physical
processes and not the whole universal machinery at ones.
Cosmology depends on a theory describing the Universe on very large scales and The
theory of General Relativity is capable of doing this. It tells us what we observe but
not, on a fundamental level, what causing the things we observe. Derived from this
theory is basic mathematical models which describes speciﬁc types of simpliﬁed, but
very useful, universes where their topological, geometrical and dynamical properties
depends on their contents. These universes serves as a kind of basis, or framework, for
building more complicated and more realistically universe models to describe the real
Universe we inhabits and is a part of.
In the ﬁrst section of this chapter, Albert Einstein’s theory of general relativity will be
introduced. In the second section will an introduction of basic cosmology be given.
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2.1 The Theory of General Relativity
”..mass tells spacetime how to curve, and spacetime tells mass how to move.”
-John Wheeler
With Albert Einstein’s Theory of General Relativity (GR) - no longer is gravity a
force, as we know it from Newtonian mechanics, but instead an intrinsic property of
the so called ’fabric’ of the four dimensional spacetime. GR describes the interaction
between spacetime and energy (mass is a form of energy). It tells us that mass or any
kind of matter distribution actually bends the spacetime surrounding it and warps its
properties. By using its mathematical framework we are capable of calculating this
warping and its eﬀects on the trajectories of test particles (ch. 2.1.2) in its vicinity.
The following three subsections will be based on the books [5], [6], [7], [8], and [9].
2.1.1 The metric tensor and the line element
The most central quantity in GR is the concept of a metric. This metric has signiﬁcant
implications crucial for the physics treated by GR because it deﬁnes the geometry of
spacetime. It is a symmetric second rank tensor represented by a 4 × 4 - matrix and
conventionally labelled g. In its most general form it is given as
gαβ =


g00 g01 g02 g03
g10 g11 g12 g13
g20 g21 g22 g23
g30 g31 g32 g33

 (2.1)
where the elements can be zero, constants, and functions of spacetime coordinates.
A second very important quantity in GR is the line element. At its most fundamental
level one could say that it is just the Pythagorean theorem giving the distance between
two points on a ﬂat two-dimensional surface. In a more general sense it can be deﬁned
as ’a measurement of the distance between two points in some deﬁned metric space’, i.e.
the two points is not necessarily limited to a two-dimensional space and the space itself
does not need to be ﬂat and it can even expand or contract. This calls for modiﬁcations
of the Pythagorean theorem and it is carried out by the machinery of the mathematical
ﬁeld of differential geometry.
We can ﬁnd a standard example of a line element, conventionally labelled ds, in the
theory of Special Relativity (SR). Here the flat spacetime geometry can be summarized
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in Cartesian coordinates by
ds2 = −c2dt2 + dx2 + dy2 + dz2 (2.2)
where c is the speed of light, dt is an inﬁnitesimal interval in the time dimension and
dx, dy and dz are inﬁnitesimal intervals in the three space dimensions. With two
sets of coordinates (t, x, y, z) and (t′, x′, y′, z′) representing events (the terminology for
points in the spacetime) this line element gives the distance ds between them. Note
that the time-dimension is included in this distance. Now, this particular line element
is not unique as goes for many others. The same ﬂat geometry of spacetime can be
represented by equivalent line elements because diﬀerent coordinate systems can be
used. One speciﬁc transformation of (2.2) results into
ds2 = −c2dt2 + dr2 + r2dθ2 + sin2θdφ2 (2.3)
where the spatial part of the line element have been transformed to spherical polar
coordinates. It looks diﬀerent than (2.2) but it represents the exact same geometry
only with the events labeled in a diﬀerent way.
With these two examples in mind, it is easy to see that when we know the elements of
the metric gαβ (2.1), the line element easily follows as
ds2 =
∑
α,β
gαβ(x)dx
αdxβ ≡ gαβ(x)dxαdxβ (2.4)
This is the general formula for the line element and it also deﬁnes Einstein’s convention
for summation. Here the metric gαβ = gαβ(x) is position-dependent and dx is an
inﬁnitesimal interval between two spacetime events deﬁned by x and x′. Note that x
in the literature is used to represent all four spacetime coordinates. Also note that
the two metrics gαβ deﬁning (2.2) and (2.3) has to be diagonal, i.e. all oﬀ-diagonal
elements are zero in these cases.
For example, if
gαβ =


−c2 0 0 0
0 1 0 0
0 0 r2 0
0 0 0 r2sin2θ

 (2.5)
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then
ds2 = gαβ(x)dx
αdxβ
= g00dx
0dx0 + g11dx
1dx1 + g22dx
2dx2 + g33dx
3dx3
= −c2dt2 + dr2 + r2dθ2 + sin2θdφ2
(2.6)
which is the explicit derivation of (2.3) using the summation convention.
Thus, by knowing the actual form of the metric (2.1) we can calculate and deﬁne the
line element which describes the corresponding geometry of the spacetime. The metric
and the line element is two sides of the same coin and because of that one needs to be
aware of that they get treated interchangeably in the wide literature of GR.
2.1.2 The geodesic equation and the Christoffel symbols
A geodesic is deﬁned as ’the shortest line between two points on a speciﬁc surface’.
This line is given by the geodesic equation.
Firstly, when talking about geodesics one needs to know the meaning of a test particle
and a free particle. A test particle is a body with so little mass that it produces no
signiﬁcant spacetime curvature by itself. This makes it capable of moving in response
to the spacetime curvature produced by other bodies with signiﬁcant masses. A man
made satellite is one of many examples of this. A free particle in the following context
means a test particle free from any inﬂuences (e.g. electric forces) other than the
curvature of spacetime. Thus, the curved spacetime of general relativity are explored
by studying how these test particles (and also light rays) move through them.
The geodesic equation1 can be derived using the method of variations and it says
d2xα
dλ2
= −Γαβγ
dxβ
dλ
dxγ
dλ
(2.7)
where λ is a parameter that monotonously increases along the worldline (i.e. a path
in spacetime) of the test particle. For test particles with mass is λ = τ , and represents
its proper time which is the time measured by the test particle itself. The coeﬃcients
Γαβγ , called the Christoffel symbols, are constructed from the metric (2.1) and its ﬁrst
derivatives. At each event in spacetime, for any local coordinate system, it is an array
1[6] p. 173.
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with three dimensions, n × n × n, where each of the n3 components is a real number
and represent a gravitational force ﬁeld. The general formula2 is
Γδβγ =
1
2
gαδ
(
∂gαβ
∂xγ
+
∂gαγ
∂xβ
− ∂gβγ
∂xα
)
(2.8)
and with a known metric g this formula gives the corresponding Christoﬀel symbols
when substituting the metric elements done by the correct ”notation gymnastics”.
The geodesic equation (2.7) is the GR equivalent of Newton’s second law in the absence
of external forces. The left side being the acceleration of the test particle, and the right
side involving the curvature of spacetime.
2.1.3 Einstein’s field equations
Einstein’s vision was that there exists no gravitational force at all but rather the non-
euclidean geometry of spacetime causing an illusion of a force. This is incorporated in
the ’backbone’ of his theory of general relativity; Einstein’s Field Equations3 (EFE):
Eαβ + Λgαβ =
8πG
c4
Tαβ (2.9)
where its schematic form is
(
a measure of local
spacetime curvature
)
=
(
a measure of
mass-energy density
)
(2.10)
This tensor equation is equivalent to a set of ten scalar equations which describes the
fundamental interaction of gravitation as a result of spacetime being warped by mass
(i.e. all forms of energy).
The ﬁrst term of (2.9), Eαβ , is the Einstein tensor which describes the gravitational
ﬁelds, i.e. the spacetime curvature. It is covariant (i.e. the components changes with
a change of basis from one coordinate system to another) and it is deﬁned as
2[6] p. 174.
3[7] p. 180.
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Eαβ ≡ Rαβ − 1
2
Rgαβ (2.11)
where Rαβ is the Ricci tensor, gαβ is the metric tensor (2.1) and R is the Ricci curvature
scalar.
The Ricci tensor is calculated from the Riemann curvature tensor4. Without going
into details of diﬀerential geometry one can say that the Riemann curvature tensor is
involved in the change in separation of neighbouring geodesics or, equivalently, the tidal
force experienced by a rigid body moving along a geodesic. In other words, it has to
do with the curving of spacetime. Its general expression is
Rαβγδ =
∂Γαβδ
∂xγ
− ∂Γ
α
βγ
∂xδ
+ ΓαγǫΓ
ǫ
βδ − ΓαδǫΓǫβγ (2.12)
which is a rank-four tensor given by the Christoﬀel symbols (2.8) and its derivatives.
By a contraction, Rαβ ≡ Rγαγβ , of this tensor the Ricci tensor follows;
Rαβ =
∂Γγαβ
∂xγ
− ∂Γ
γ
αγ
∂xβ
+ ΓγαβΓ
δ
γδ − ΓγαδΓδβγ (2.13)
which is a second rank symmetric tensor. Finally, using contraction on this Ricci tensor,
we obtain the Ricci scalar
R = gαβRαβ (2.14)
It assigns a single real number to each point in spacetime determined by the geometry
near that point. This number represents the amount by which the volume of a geodesic
ball deviates from that of a corresponding standard ball in ﬂat space.
Now, the second term on the left of (2.9) represents the cosmological constant Λ. It
is a type of vacuum energy, responsible for the observed accelerated expansion of the
Universe. This vacuum energy is often given by its density ( kg
m3
) and is deﬁned as5
ρΛ =
c2Λ
8πG
(2.15)
4[5] p. 85.
5[5] p. 138.
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where G is the gravitational constant. Note that in this thesis the dimension of Λ is
deﬁned as [Λ] = 1/m2.
The right hand side of (2.9) is the source of spacetime curvature and represents the
densities of energy and momentum. It is important to note that the famous equation
E = mc2 states the equivalence between mass and energy, and thus all forms of energy
gravitate. The quantity Tαβ is a second-rank symmetric tensor called the energy-
momentum-stress tensor or, for short, the energy-momentum tensor. It describes the
energy contents in the cosmological fluid, that is the gravitational sources responsible
for the curvatures in the Universe. Its elements in general is
Tαβ =


T 00 T 01 T 02 T 03
T 10 T 11 T 12 T 13
T 20 T 21 T 22 T 23
T 30 T 31 T 32 T 33

 (2.16)
where
T 00 = ρ = mass-energy density crossing a surface of constant time.
T i0 = π = momentum density = momentum crossing a surface of constant time.
T ii = p = ﬂux of force per unit area > 0 ⇒ pressure.
T ii = p = ﬂux of force per unit area < 0 ⇒ tension.
T ij = shear forces for i 6= j.
This applies for an inertial frame of reference. That means the frame is stationary
relative to a body moving at constant velocity and on which no force is being exerted.
2.1.4 Final words about GR
The theory of general relativity has now been introduced and with the goal of presenting
its essence. It is a highly successful theory that so far has past all tests trying to disprove
it. In physics we seek laws that can be written in an invariant form which means it
is true for all observers. In this context tensors plays a key role because if a tensor
equation is true in one coordinate system then it is true in all coordinate systems. This
property can greatly simplify analysis by transforming the ’problem’ to a coordinate
system where the mathematics are easier. It has now been shown that Einstein’s ﬁeld
equations (2.9), the ’backbone’ of GR, is a tensor equation and thus possesses these
advantages.
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2.2 Basic Cosmology
- The Homogeneous Isotropic Universe
”..the history of astronomy is a history of receding horizons.”
-Edwin Hubble
Looking back on the scientiﬁc history of astronomy, as time has gone by, humanity
have experienced the Universe to appear greater and greater. Our and the rest of
Earth’s place in the Universe has only been more and more negligible in line with the
scientists harvesting more and more knowledge about it. This enormous work reveals
the Universe to appear greater and more complex for each day.
The aim of cosmology, which is a subﬁeld of astronomy, is to place all known physical
phenomena within a single coherent framework. It is by far an ambitious goal with
still signiﬁcant gaps of knowledge to be ﬁlled. Albert Einstein himself failed this goal
after working on it tirelessly in his last twenty years of life, and one can understand his
motivation from what he said back then; ”I want to know God’s thoughts. The rest
are details”.
It is important to have in mind that despite much of the presented theory and equations
of GR in chapter 2.1 not will be directly used in what follows (and in the rest of this
thesis for that matter) one must be aware of that GR is the foundation of this cos-
mological theoretical framework. Any dynamical process taking place in the Universe,
and not least those treated in this thesis, happens embedded in the fabric of spacetime
described by GR.
In this section on basic cosmology, mainly what concerns this thesis will be presented.
There will be some emphasis on the Friedmann equations because they are very central
in the simulation of the spherical collapse model. Based on the derivation of them in
this section is the appendix A (B.1) which further on change their variable dependency
and perform modiﬁcations to them. These modiﬁed Friedmann equations have then
been implemented in the program code.
This section with its subsections are based on the books [9], [6], [8], [7], [10], [11], [12],
and [13].
2.2.1 The Cosmological Principle and the Copernican Principle
Principles are introduced in order to allow some progress to be made when one has no
data to go on. Cosmology is no exception to this rule.
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Einstein published his general theory of relativity in 1915 and almost immediately
sought to exploit it to explain the large-scale behaviour of the Universe. No doubt is
GR an elegant physical theory, but he was aware of the harsh truth that it involves
some of the most diﬃcult mathematics ever applied to a description of nature. He
realized that to be able to make any progress he needed to assume that the Universe
had some simplifying symmetry or uniformity. A smooth Universe on a grand scale
appealed to him; if the Universe where the same everywhere he could set his wanted
cosmological theory on a solid footing by allowing the distribution of matter to deﬁne
a special reference frame that would help him deal with the eﬀects of gravity.
Thus, Einstein decided to make the following simpliﬁcations on a grand scale:
• The Universe is homogeneous - the same in every place.
• The Universe is isotropic - looks the same in every direction. (2.17)
These two assumptions together form the Cosmological Principle. But they are not
equivalent even though they are related. Isotropy does not necessarily imply homo-
geneity without an additional assumption; that the observer is not in a special place.
That is, if an observer is at the center of a spherical symmetric distribution of matter
where the density decreases further away from the center it will appear isotropic but
the whole distribution is not homogeneous. Nor homogeneity does necessarily imply
isotropy. For example; a homogeneous universe which contracts in one space-dimension
and expands in the other two space-dimensions is not isotropic.
A second important principle says:
• We do not live in a special place in the Universe. (2.18)
This is called the Copernican Principle and is, at present time, a generalisation of its
original meaning which displaced the Earth from the center of the Universe and replaced
it with the Sun. Thus, observed isotropy together with the Copernican Principle implies
the Cosmological Principle. The ﬁrst and basic models of the Universe are fully based
on these two principles.
2.2.2 Hubble’s law
The general theory of relativity led to major developments in cosmological theory in
the 1920s. But as in all ﬁelds of physics, new theories only gain acceptance when
conﬁrmed by experiments - and for the science of cosmology this means conﬁrmation
by observations.
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The beginning of this chapter implied that Edwin Hubble was the man who discovered
that the Universe is expanding. This was, and still is, a fact even though he misinter-
preted the underlying physics of his observational data leading to this great discovery
(ch. 2.2.3). He encapsulated this property of the Universe in one simple equation
known as the Hubble Law :
v = H0d (2.19)
Here v is the expansion velocity of the Universe (ch. 2.2.3), d is the distance to where
this velocity is being measured and H0 is the so called Hubble constant. Hubble derived
this equation from his observational data. By plotting a graph of measured velocities
and distances of galaxies he found it as a straight line. The slope of this line is the
Hubble constant H0. This implies that if two galaxies are being observed where one of
them is twice as far away, this most distant galaxy will have twice the receding velocity
than the other one. In other words, what Hubble discovered was that by looking in
any direction in the Universe one will see that (almost) all galaxies are receding from
us and with increasing speed as further away they are. However, he were not capable
of explaining the true reason for this.
The Hubble constant at present time H0 is deﬁned as
H0 ≡ H(t = t0) ≡ a˙(t0)
a(t0)
(2.20)
where a is the scale factor (ch. 2.2.4), t is the cosmic time (ch. 2.2.3), t0 refers to the
present cosmic time, and a˙ ≡ dadt is the time derivative of the scale factor. The Hubble
constant H = H(t) at any other time than present time is when t 6= t0.
The deﬁnition (2.20) gives the connection of the Hubble constant to the geometry of
spacetime. This is because it is the scale factor a which controls how the equations of
motion of a certain universe model evolves (ch. 2.2.6). Note that the Hubble constant
H0 refers to the value measured at present time t0. It is not a constant in time but
a constant in the sense that it is the same at all points in the Universe for any given
cosmic time t. In other words, it is being a number describing the expansion of the
Universe from our perspective.
Hubble’s constant (2.20) is quoted in units of (km/s)Mpc whereMpc is approximately three
million light years. Because there is still uncertainties with this constant, a way to
express it is
H0 = 100h
(km/s)
Mpc
(2.21)
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where the common value for h used today is
h = 0.72 ± 0.08 (2.22)
which is also used in this thesis.
2.2.3 The expanding Universe and cosmic time
Expanding universe
How can Hubble’s law (2.19) and its consequences be compatible with the Copernican
Principle (2.18)? Which it is. The answer is that any other observer in any other place
in the Universe will see the same as us; every galaxy is still moving away according to
Hubble’s law (2.19). The only way this can be the case is that the space of the Universe
itself is expanding - and not the galaxies moving through the Universe.
The standard analogy to visualize this statement is to scale down the three expanding
space-dimensions to a two-dimensional surface of a perfectly spherical balloon. By
painting dots (representing galaxies) onto its surface and then inﬂate it more, one will
observe that, from the perspective of any dot, all the other dots are moving away.
Thus the separations between all of them increases uniformly in all directions. Note
that it is important to be aware of that, in this analogy, the universe only constitute
the surface of the balloon and thus has no center (as it would have if submerged in a
three-dimensional space). That is, it exists and evolves in only two space-dimensions
and one time-dimension.
This implies that every point in the Universe is equivalent as far as the expansion is
concerned. Without further explanations the Hubble Law is then consistent with the
Cosmological Principle (2.17).
Note that not everything takes part in the expansion. This include elementary particles,
atoms, molecules, and greater things as elephants and buildings here on Earth. These
are held together by the three other - much stronger - forces of nature (without neces-
sarily asserting that gravity is a force, even though that is what the standard model of
particle physics says). Likewise, objects in which gravity is dominant also resist the ex-
pansion, such as planets, stars, galaxies and massive clusters of galaxies. Some objects
larger than this can too be bound, but not like individual galaxies are. However, their
gravity may be strong enough to actually cause distortions of Hubble’s Law (2.19) by
perturbing the trajectories of objects in their vicinity which are following the so called
cosmic flow caused by the expansion.
But on the largest scales of all, no forces are strong enough to counteract the global
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tendency of the Universe to expand with the cosmic time. By ignoring all these ’local’
perturbations, all matter is rushing apart from all other matter with a velocity described
by Hubble’s Law (2.19).
Cosmic time
Now, based on the explanation of the expanding Universe, it is appropriate to also
explain the concept of cosmic time. It is a central quantity in the equations of motion
of universe models which will be presented in chapter 2.2.6. A well known fact (at least
for a physicist) is that SR and GR dramatically changed our perception of time and
made it more diﬃcult to grasp compared to its role in Newtonian mechanics. However,
cosmic time for universe models is easy to understand:
The evolution of energy density is the same in the whole universe so
this evolution can be thought of as a measure of time. This ’time’ must
therefore be the same everywhere and it is called the cosmic time t.
(2.23)
Thus, every spatial point in space has a ”clock” and all these clocks are synchronized.
A more abstract explanation of cosmic time is; due to the nature of the four-dimensional
spacetime one can imagine to slice it up in a line of three-dimensional spatial sections in
which all of them are separated because they are all embedded in a higher dimensional
room, i.e. spacetime. Each of the sections are labelled with a parameter t and each of
these along the line are representing an increasing cosmic time. One can say that the
time-dimension is orthogonal to the three space-dimensions.
2.2.4 The redshift and the scalefactor
Redshift
By utilizing spectroscopy Hubble obtained his law (2.19). Light from a galaxy is splitted
up into its colour components and analysed separately. These components constitute
a spectra which contains sharp features called emission lines and they occur at deﬁnite
wavelenghts depending on the chemistry of the source. By comparing these lines with
the positions they are supposed to have, Hubble observed that they were almost always
shifted to the red end of the spectrum, i.e. towards longer wavelengths. He interpreted
this as the well known Doppler shift and concluded that the light sources (galaxies)
was moving away from him. This is the explanation behind the expression redshift and
which is usually given the symbol z. A deﬁnition of redshift is:
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Redshift z measures the fractional change in wavelength of an observed
emission line relative to its expected position.
(2.24)
Redshift is an inevitably tool when dealing with distances in cosmology and will be
frequently used in this thesis, especially with the numerical data presented in plots.
However, what was causing this redshift was not as obvious as Hubble ﬁrst thought. It
is not caused by the source moving away from the observer through space. Instead it
moves away because the space itself between the source and observer is expanding (ch.
2.2.3). This is why his law is now taken to represent the expansion of the Universe.
Himself never made this interpretation of his results.
Scalefactor
There is another way of picturing the eﬀect of redshift (2.24). As explained in chapter
2.2.3, separation between any points in the Universe increases uniformly in all direc-
tions. If one imagine an elastic sheet of graph paper perfectly covering ’the balloon’
(from this last chapter), then the regular grid on the paper at some particular time will
look like a blown up version of the way it looked at an earlier time. It is intuitive that
the symmetry of the situation is preserved and that is why one only needs to know the
factor by which the grid has been expanded in order to recover the past grid from the
later one.
Analogue to this modiﬁcation of the balloon example is the universe that satisﬁes the
Cosmological Principle (2.17). It preserves its symmetry as it expands in the same way
everywhere and one only needs to know an overall scale factor to obtain a picture of its
past physical conditions from present data. This factor, simply called the scale factor,
is given the symbol a and its behaviour is governed by the Friedmann equations which
will be presented in chapter 2.2.5.
The concept of the scalefactor a is easy to grasp and can be illustrated by a simple
example: If the Universe has expanded by some factor between the emission of light
from a galaxy and its detection at a telescope, the light waves would be stretched by
the same factor as the scalefactor a during its travelling time through the intermediate
space. If the Universe expanded by a scalefactor a = 3 then the wavelength would
triple.
Comoving coordinates and physical Coordinates
The scalefactor a relates two diﬀerent types of coordinates used in cosmology; the
comoving coordinates and the physical coordinates. A given set of spatial comoving
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coordinates (rx, ry, rz) =⇒ r = rxxˆ + ryyˆ + rz zˆ will remain the same during the
evolution of the Universe. But a given set of spatial physical coordinates (x, y, z) =⇒
x = xxˆ + yyˆ + zzˆ will change corresponding to the evolution of the Universe. Their
relation is
x = a(t)r (2.25)
Cosmological redshift formula
Following from what have been said about wavelength, redshift and the scalefactor,
their relations can be described in the cosmological redshift formula
1 + z ≡ λ0
λ
=
a0
a
(2.26)
where z is the redshift, and λ0 and a0 are the wavelength and the scalefactor at present
time t0, respectively. λ and a are the wavelength and the scalefactor at the time of
emission, respectively.
2.2.5 The FLRW metric and the line element
- the geometry of the Universe
It is the metric (2.1) that deﬁnes the geometry of a given spacetime. This whole chapter
2.2 deals with homogeneous and isotropic universes which satisﬁes the cosmological
principle (2.17) and the Copernican principle (2.18). The metric which meets these
principles is the FLRW metric.
The simplest edition of this metric is the flat FLRW metric
gαβ = gαβ(t) =


−c2 0 0 0
0 a2(t) 0 0
0 0 a2(t) 0
0 0 0 a2(t)

 (2.27)
where c is the speed of light, and a(t) is the scalefactor as a function of cosmic time
t. By using the formula for a general line element (2.4) one get the corresponding line
element6
6[6] p. 368.
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ds2 = −c2dt2 + a2(t)(dx2 + dy2 + dz2) = −c2dt2 + dS2 (2.28)
which describes the geometry of the spacetime corresponding to a ﬂat homogeneous
isotropic cosmological model. The term dS is the part of the line element describ-
ing the geometry of the three-dimensional spatial section of the spacetime which also
’homogeneous and isotropic’ refers to. Until further notice, by ’ﬂat’ means that the
angles of a triangle, when submerged in this spatial section dS, will add up to exactly
180 degrees. So here this is the same as the well known euclidean space. Thus, each
t = constant implies dt = 0 which corresponds to a speciﬁc spatial section - also called
a spacelike surface - described by dS as
ds2 = 0 + a2(t)(dx2 + dy2 + dz2) = dS2 (2.29)
Here a(t) provides the symmetrical spatial expansion as explained in chapter 2.2.4.
Now, for a new inﬁnitesimally increased cosmic time t′ > t new spatial coordinates
(X,Y,Z) can be introduced as
X = a(t′)x, Y = a(t′)y and Z = a(t′)z
⇒ dX = x−X dY = y − Y and dZ = z − Z
(2.30)
Note that (x, y, z) and (X,Y,Z) are identical in a comoving coordinate frame following
the symmetrical expansion of space, but they are diﬀerent when representing phys-
ical coordinates because then the physical distance in space between them has really
increased. Then from (2.30) the spatial line element (2.29) takes the form
dS2 = dX2 + dY 2 + dZ2 (2.31)
and thus describes the geometry in the new spatial section ’labeled’ with the time t′.
As mentioned with the line elements (2.2) and (2.3) in the GR chapter, the particu-
lar line element (2.28) nor is unique. The same ﬂat geometry can be represented by
equivalent line elements using other coordinate systems through transformations. For
example in spherical coordinates which gives
ds2 = −c2dt2 + a2(t)(dr2 + r2dθ2 + sin2θdφ2) = −c2dt2 + a2(t)dS2 (2.32)
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corresponding to (2.3), but with the additional scale factor a(t) multiplied with the
spatial part dS.
Now, the ﬂat FLRW metric does not represent the only homogeneous isotropic space-
time geometry. Any line element of the form
ds2 = −c2dt2 + a2(t)dξ2 (2.33)
can be a homogeneous isotropic spacetime. That is if dξ is the line element of a time-
independent homogeneous isotropic three-dimensional spatial space. Then (2.33) is
known collectively as FLRW metrics. The ﬂat FLRW metric (2.28) and (2.32) is one
type, but there exists also two curved types. In this thesis one assumes that the Universe
is perfectly ﬂat so these two metrics will not be presented in details. It is suﬃcient to
say that they represents two diﬀerent spacetimes with positive- and negative curvature
in their three-dimensional spatial surfaces, respectively. That is,
• Positive curvature - implies a closed universe model which means it has a ﬁnal
volume and the angles in a triangle adds up to more than 180 degrees inside its three-
dimensional spatial surface. The analogy of this surface, with one less spatial dimension,
is the surface of the familiar sphere submerged in a three-dimensional euclidean space.
• Negative curvature - implies an open universe model which means it has an inﬁnite
volume and the angles in a triangle adds up to less than 180 degrees inside its three-
dimensional spatial surface. The analogy of this surface, with one less spatial dimen-
sion, is the surface of a saddle (with inﬁnite extent) submerged in a three-dimensional
euclidean space.
And for the universe model used in this thesis applies
• Zero curvature - implies an open universe model which means it has an inﬁnite volume
and the angles in a triangle adds up to exactly 180 degrees inside the spatial surface.
The analogy of this surface, with one less spatial dimension, is just a normal sheet of
paper (though with inﬁnite extent) submerged in a three-dimensional euclidean space.
It is important to note that because these three models are homogeneous they require
that the spatial curvature is the same at each point of these geometries. The corres-
ponding line elements (the ’ﬂat’ one already shown in (2.28) and (2.32)) of these three
metrics can be written in a uniﬁed form in spherical coordinates as7
7[6] p. 387.
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ds2 = −c2dt2 + a2(t)
[ dr2
1− kr2 + r
2(dθ2 + sin2θdφ2)
]
(2.34)
where k = +1,−1 and 0 implies open, closed, and ﬂat universes, respectively. One sees
that by substituting k = 0 the ﬂat metric (2.32) follows. These spatial polar coordinates
are comoving (see (2.25)) with free reference particles such as galaxies without any
motion except that due to the expansion of the Universe itself. The time coordinate t
is the cosmic time (2.23) which is the same as the proper time of the reference particles.
This is the FLRW line element. All of the homogeneous and isotropic universe models
can be represented by this.
About the ﬂat universe model, which this thesis is based on, it is not necessary a
simpliﬁcation. The large amount of observational data so far indicates that it is the
ﬂat homogeneous isotropic model that most closely represent our Universe. Thus, the
simplest model is also the most realistic and it is represented by the ﬂat FLRW metric
(2.32).
2.2.6 Foundation of the FLRW models - dynamics of the Universe
In order to describe how the Universe evolves, one need to know what is in it. For
a homogeneous isotropic universe, the FLRW models assume a simple model for its
contents. These contents constitute a certain cosmological fluid which can consists of
three noninteracting components, or less, depending on the model. They have no heat
conduction or viscosity and are therefore called perfect fluids.
Components of the Universe
• Dust - short hand for pressureless matter, which means non-relativistic matter and
refers to any type of material which exerts negligible pressure (p = 0) and are sources
to gravitational ﬁelds, i.e. both baryonic- and dark matter. In a universe consisting
only of this dust and the fact that typical random motions of galaxies is ∼ 102 km/s,
gives a thermal energy (i.e. kinetic energy) much less than the rest energy (E = mc2).
Thus, the thermal energy, which causes pressure, can be neglected. The type of dust
handled in this thesis is only cold dark matter (CDM).
• Radiation - includes the cosmic background photons and e.g. neutrino species with
zero or suﬃciently small rest masses so that they move relativistically today (i.e. the
kinetic energy is much greater than the rest energy). Radiation is not handled in this
thesis.
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• Dark energy - its physical nature is so far unidentiﬁed. It can be the result of a new
type of energy component or it can be interpreted as a modiﬁcation of GR. Regardless,
it is responsible for the observed accelerated expansion of the Universe. Note that dark
energy is a general expression and for example the cosmological constant is a special
form of dark energy. Dark energy is handled in this thesis.
What is crucial to know about the cosmological ﬂuid, when it comes to describing the
evolution of the Universe, is how its density ρ and pressure (or tension) p evolves with
cosmic time t. This process is described by the fluid equation.
The fluid equation
The ﬂuid equation can be derived by considering the ﬁrst law of thermodynamics
dE + pdV = TdS (2.35)
where E is the energy, p is the pressure, V is the volume, T is the temperature, and
S is the entropy. For convenience the expanding volume V is given a unit comoving
radius. By doing this the scalefactor a (ch. 2.2.4) represents the physical radius (ch.
2.2.5) with an arbitrary distance unit. Thus has the volume V a physical radius a and
the energy E can be expressed as
E = V · ρc2 = 4π
3
a3ρc2 (2.36)
where ρc2 is the energy density [kgm
2
s2
] of the cosmic ﬂuid and c is the light speed. The
change of energy in a time dt is
dE
dt
= 4πa2ρc2
da
dt
+
4π
3
a3
dρ
dt
c2 (2.37)
and the rate of change in volume V is
dV
dt
= 4πa2
da
dt
(2.38)
By assuming a reversible adiabatic expansion dS = 0, substitute (2.37) and (2.38) into
(2.36), and rearranging gives
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ρ˙ = −3 a˙
a
(
ρ+
p
c2
)
≡ −3H
(
ρ+
p
c2
)
(2.39)
where H is the Hubble constant (2.20). This is the fluid equation and it describes the
change in the energy density of the cosmic ﬂuid. The ρ term corresponds to the dilution
in the density because the volume V grows bigger. The p-term corresponds to the loss
of energy because the pressure of the ﬂuid has done work as the Universe’s volume
increase. Thus the energy lost from this work has gone into gravitational potential
energy because energy is always conserved.
So, the ﬂuid equation (2.39) tells how the energy density ρ of the cosmic ﬂuid evolves
given that one knows how the scale factor a = a(t) acts with cosmic time and what the
pressure p is. These answers are given by the Friedmann equations and the equation of
state, respectively, which now will be presented.
The Friedmann equations - Newtonian approach
It was not Einstein but the Russian physicist Alexander Friedmann who ﬁrst developed
mathematical models of an expanding universe from GR. These formed the basis of
modern cosmology. His work was published in 1922 and the models are represented by
the two Friedmann equations which describes the evolution of the Universe. To begin
with, these equations can be derived in the frame of Newtonian physics to give a ﬁrst
impression and a more intuitive understanding of what they represents8. But there
are problems with these derivations and they will be discussed during and after the
derivation.
Consider the whole Universe as a uniform spherical symmetric cosmological ﬂuid con-
sisting only of classical mass with density ρ. Because of the cosmological principle
(2.17) and the Copernican principle (2.18) any point can be its center. A test particle
(ch. 2.1.2) with mass m and a physical distance r from the center, only feels a grav-
itational force from the ﬂuid at smaller radii r′ = |~r′| < |~r|. This part of the ﬂuid has
total mass
M =
4π
3
r3ρ (2.40)
which contributing a gravitational force
F = −GMm
r2
= −4πG
3
ρrm (2.41)
8[10] p. 18-20.
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directed inward toward the center. This gives the test particle a gravitational potential
energy
U = −GMm
r
=
4πG
3
ρr2m (2.42)
and a kinetic energy
K =
1
2
mr˙2 (2.43)
where r˙ ≡ drdt means the (cosmic) time derivative. This is a dynamical system and thus
by require energy conservation
E = K + U (2.44)
for the test particle, where E is its total energy, and then substitute (2.42) and (2.43)
for U and K in (2.44) gives
E =
1
2
mr˙2 − 4πG
3
ρr2m (2.45)
This equation represent the evolution of the physical separation r between the center
and the particle. By considering a second test particle placed in the center the crucial
step is now to realize that, because of the principles (2.17) and (2.18), this derivation
applies to any two separated particles in the Universe. This allows one to use comoving
coordinates
r = a(t)x (2.46)
as presented in ch. 2.2.4, because the expansion is uniform. By substituting this for r
in (2.45), remembering x˙ = 0 for comoving coordinates, gives
E =
1
2
ma˙2x2 − 4πG
3
ρa2x2m (2.47)
Now, by multiplying each side by 2
ma2x2
and rearranging the terms then gives
a˙2
a2
+
kc2
a2
=
8πG
3
ρ (2.48)
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where
k ≡ − 2E
c2mx2
(2.49)
The equation (2.48) is the first Friedmann equation given in Newtonian physics and
it describes how the scalefactor a changes with cosmic time t. In GR the constant k
corresponds to the three types of spacetime curvatures as presented in ch. 2.2.5 and
(2.34), though this derivation is based on Newtonian physics and thus the spacetime
is euclidean with no curvature. From its deﬁnition (2.49) one can only say that it is a
constant and unchanging in both space and time because all its factors are constants in
the evolution of a given universe model. That means any kind of universes must have a
unique k because the constant factor E in (2.45) depends on the contents and density
which deﬁnes the evolution and dynamics of the given universe.
Now, in this same physical system, one can instead of using energy conservation (2.44),
start from Newton’s second law (force = acceleration ·mass) applied to the test particle
which implies
mr¨ = −GMm
r2
(2.50)
where r¨ ≡ d2r
dt2
is the acceleration of the physical separation of any two particles and
the right hand side is the gravitational force F from (2.41). Then substitute (2.46) for
r and (2.40) for M which results in
a¨
a
= −4πG
3
ρ (2.51)
This is the second Friedmann equation given in Newtonian physics. Here a¨ ≡ d2a
dt2
is
the acceleration of the scalefactor, i.e. this equation describes the acceleration of the
evolution of a given universe model.
However, there are many problems with these derivations. It is assumed that spatial
space is euclidean, and then it is not consistent to interpret k as spatial curvature
(as already mentioned). It also turns out that the density ρ of the cosmological ﬂuid
needs to include more than the classical mass density. In addition it must have a term
representing either pressure or stress, i.e. ρ −→ ρ+ 3pc2 . The reason for this is that all
forms of energy are sources to gravity according to the equivalence between mass and
energy (E = mc2) as mentioned in the GR chapter. A third problem is that it does not
consider the fact that the Universe has an (positive) accelerated expansion, i.e. they
do not include a dark energy component.
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There are also other important points missing in this Newtonian approach, but the
main message here is to illustrate that it is incomplete when it comes to describing
nature. So, to get the correct Friedmann equations, i.e. in accordance with GR, one
needs to derive them from Einstein’s ﬁeld equations (2.9).
The Friedmann equations - GR approach
The EFE with a cosmological constant Λ was given in (2.9) and (2.11) as
Eαβ + Λgαβ ≡ Rαβ − 1
2
Rgαβ +Λgαβ =
8πG
c4
Tαβ (2.52)
To go from here one needs to specify the cosmic ﬂuids described by the energy-
momentum tensor (2.16) presented generally in ch. 2.1.3. Cosmic ﬂuids which meets
the physical conditions of the evolution of a FLRW universe model, i.e. which are
encapsulated in the uniﬁed line element (2.34), is perfect ﬂuids. They are characterized
by their energy-mass density ρ and pressure (or tension) p. Measured in these ﬂuids
rest frames, their energy-momentum tensor9 is
Tαβ =
(
ρ+
p
c2
)
uαuβ + pgαβ (2.53)
where uα are the components of the 4-velocity and the metric gαβ in (2.1) are the
FLRW metric implied by the FLRW line element (2.34). In a comoving orthonormal
basis the metric gαβ is given as
gαˆβˆ =


−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 (2.54)
and the 4-velocity is uµˆ = (c, 0, 0, 0), thus the energy-momentum tensor (2.53) is given
by
Tαˆβˆ =


ρc2 0 0 0
0 p 0 0
0 0 p 0
0 0 0 p

 (2.55)
9[8] p. 151.
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It will now only be referred to a tedious calculation in book [7] by Øyvind Grøn on
the pages 267-271, where the components of the Einstein tensor (2.11) is derived in an
orthonormal basis gαˆβˆ for a FLRW universe model. That is, based on the FLRW line
element (2.34) where its physical meaning was explained in ch. 2.2.5. The results is
Etˆtˆ = 3
a˙2 + kc2
c2a2
(2.56)
Eiˆˆi = −2
a¨
c2a
− a˙
2 + kc2
c2a2
(2.57)
where the natural unit c = 1 is not in use here. Now there are explicit expressions
for all three tensors in EFE (2.52). By substituting (2.56) and (2.57) for the Einstein
tensor Eαβ, (2.54) for the metric gαβ and (2.55) for the energy-momentum tensor Tαβ
this gives
3
a˙2 + kc2
c2a2
− Λ = 8πG
c4
ρc2 (2.58)
and
−2 a¨
c2a
− a˙
2 + kc2
c2a2
+ Λ =
8πG
c4
p (2.59)
By moving Λ to the right hand side of (2.58) and then substituting one third of this side
for the second term on the left hand side in (2.59) and then do some simple rearranging
on both equations one ends up with
a˙2
a2
+
kc2
a2
=
8πG
3
ρ+
Λc2
3
(2.60)
and
a¨
a
= −4πG
3
(
ρ+
3p
c2
)
+
Λc2
3
(2.61)
These are the Friedmann equations within the realm of GR. Note the dimensions in
use here: [ρ] = kg/m3, [Λ] = 1/m2 and [k] = 1/m2. A comparison of these two
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with the other two Friedmann equations (2.48) and (2.51), derived with the Newtonian
approach, shows
• First Friedmann equation: The constant k has now a deﬁned physical meaning. It
represents the curvature of spatial space. A factor 1c2 in the second term on the RHS
which takes into account the equivalence between mass and energy in GR, i.e. now the
unit of ρ is energy density and not (Newtonian-) mass density. A new term Λ3 on the
RHS involving the cosmological constant which represents the accelerated expansion of
the Universe.
• Second Friedmann equation: A new second term on the RHS involving p which
represents pressure (or tension) in the cosmic ﬂuid. A factor 1c2 in the second and third
term on the RHS which takes into account the equivalence between mass and energy in
GR. A new term Λ3 on the RHS involving the cosmological constant which represents
the accelerated expansion of the Universe.
Note that in these new equations, (2.60) and (2.61), p or Λ can be zero, or both can
be zero, depending on what kind of universe model one wish to describe. They are a
generalisation of (2.48) and (2.51) derived from the realm of Newtonian physics.
Another important thing to note is that, despite the fact that the Friedmann equations
are fundamental, they are of no use without the ﬂuid equation (2.39). That is, (2.60)
and (2.61) governs the time evolution of the scalefactor a(t), and the ﬂuid equation
(2.39) governs the evolution of the mass-energy density ρ(t) and the pressure (or ten-
sion) p = p(ρ(t)) of the cosmic ﬂuid. These three equations are the foundation which
to built universe models.
2.2.7 Crucial information from the cosmological fluid
As already mentioned, in order to discover how the Universe evolves, one needs to know
what is in it. When this is clear one can extract crucial information about its evolution
from its cosmological ﬂuid.
Equation of state
To know the relationship between the energy-mass density ρ and the pressure-tension
p is very important. From thermodynamics one knows that many of the properties of
a low-density gas can be summarized in the ideal gas law
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pV = NkBT (2.62)
where p is the pressure, V is the volume, N is the particle number, kB is the Boltzmann’s
constant, and T is the temperature. A rewriting of this is
p =
NkBT
V
=
Nmc2
V mc2
kBT =
kBT
mc2
ρc2 (2.63)
where ρ = NmV is the mass density of the gas and c is the light speed. Again, from ther-
modynamics, the kinetic energy of the gas particles are related to the gas temperature
as
1
2
m〈v2〉 = 3
2
kBT ⇔ m〈v2〉 = 3kBT (2.64)
where 〈v2〉 is the mean-square speed of the particles. By substituting (2.64) for kBT
in (2.62) gives
p =
〈v2〉
3c2
ρc2 ≡ wρc2 (2.65)
This is the simplest equation of state and it is used much in cosmology. Note that
ρ is the Newtonian mass density and thus ρc2 is the mass-energy density. Also note
that w can be negative but which seems impossible in this context. For example the
ΛCDM universe model has w = −1. More on this in subsection 2.2.9 where this model
is introduced.
The critical density and the density parameter
If the Universe is ﬂat (k = 0), which means it has an euclidean spatial geometry, its
cosmological ﬂuid needs to meet a certain density. Starting out with the ﬁrst Friedmann
equation (2.60) the condition for this can be found by
a˙2
a2
+
kc2
a2
=
8πG
3c2
ρ+
Λ
3
=⇒ a˙
2
a2
≡ H2 = 8πG
3c2
ρ (2.66)
where H is the Hubble constant, k = 0 as it has to be for a ﬂat universe, and also
Λ = 0 in this context. By rearranging (2.66) one get an expression for the mass-energy
density
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ρ =
3H2c2
8πG
=⇒ ρc = ρc(t) = 3H(t)
2c2
8πG
(2.67)
where [ρc] =
J
m3
= kgm/s
2
m3
= kg
s2m
. This density is the mass-energy density which the
cosmological ﬂuid needs to have for the Universe to be ﬂat. It is called the critical
density. Note that it is time dependent because the Hubble constant H(t) is time
dependent, as explained in chapter 2.2.2. Also note that the critical density is not
necessary the true density, since the Universe need not to be ﬂat.
A useful way of specifying the density of the Universe, i.e. each of the components
(with the notation ’comp’) which constitute the cosmic ﬂuid, is by introducing a certain
parameter involving the critical density (2.67) which sets a natural scale for the density
of the Universe. One can quote the density relative to the critical density and thus get
a dimensionless quantity
Ωcomp(t) ≡ ρcomp(t)
ρc(t)
(2.68)
This is the density parameter. It can be used to rewrite the Friedmann equations in
a very useful form, expressed in this dimensionless density parameter Ω(t) instead of
the density ρ(t). One particular beneﬁt is that if Ω(t) = 1, where Ω(t) is the sum of all
the fractional parts relative to the critical density ρc(t), one can immediately conclude
that the corresponding universe model is ﬂat. For example
ρdust(t)
ρc(t)
+
ρradiation(t)
ρc(t)
≡ Ωdust(t) + Ωradiation(t) = Ω(t) = 1 (2.69)
means that in a universe consisting only of dust and radiation their sum of densities
equals accurately the critical density ρc(t) at all cosmic times t. Thus this universe is
ﬂat at all t.
2.2.8 The EdS universe model
Finally, the basics for a general FLRW universe model are in place and thus the next
step is to make speciﬁc models. This means ﬁnding solutions to the ﬂuid equation
(2.39), and the Friedmann equations (2.60) and (2.61). The simplest model is the
matter dominated universe which is ﬂat, consists only of dust, and is pressureless. This
is the Einstein - de Sitter universe model (EdS). Note that in this thesis ’dust’ will be
referred to as cold dark matter (CDM).
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From equation (2.69) this implies
Ωdust ≡ ΩCDM = ΩCDM (t) ≡ Ω(t) = 1 =⇒ flat universe (2.70)
at any cosmic time t. That it has no pressure (p = 0) makes sense when considering
the equation of state (2.65). The velocity v of the typical random motions of the dust
particles (i.e. galaxies) are much less than the speed of light c. Thus v2/c2 ≈ 0 ⇒
w = 0 ⇒ p = wρc2 = 0. By substituting this p = 0 in the ﬂuid equation (2.39) one
gets
ρ˙+ 3
a˙
a
ρ = 0 ⇒ 1
a3
d
dt
(ρa3) = 0 ⇒ d
dt
(ρa3) = 0 ⇒ ρa3 = constant (2.71)
This shows that the density gets diluted ∝ 1
a3
which means it falls oﬀ in proportion to
the expanding volume of this universe. Now, because the scalefactor usually is deﬁned
as a(t0) ≡ a0 = 1 at present cosmic time t = t0 (ch. 2.2.4), this convention allows one
to deﬁne the present density by ρ(t0) ≡ ρ0. This can be substituted for the constant in
(2.71) which gives
ρ =
ρ0
a3
=⇒ ρ(t) = ρ0
a3(t)
(2.72)
This equation describes how the CDM component evolves, and thus for the EdS uni-
verse, how the total cosmological ﬂuid density ρ(t) evolves with the universe model.
That is, the ﬂuid dilutes in proportion to the volume expansion represented by the
scalefactor a(t). But then one needs to know how the scalefactor a(t) evolves with
cosmic time t. In the EdS universe (ﬂat and only ﬁlled with CDM) the ﬁrst Friedmann
equation is the same as (2.66). By substituting (2.72) in it this gives
a˙2 =
8πG
3c2
ρ0
a
(2.73)
Now, a power-law solution a ∝ t−q as an ’educated guess’ leads, through a short and
simple calculation, to q = 23 , and so the solution is a ∝ t2/3. Because a(t = t0) ≡ a0 = 1
the full solution has to be
a(t) =
( t
t0
) 2
3
(2.74)
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This is how the scalefactor a(t) for the EdS universe model evolves with cosmic time t.
An important thing to note is that it will expand forever, but the expansion rate will
always decrease and go to zero when time approach inﬁnity. This is easy to see from
the deﬁnition of the Hubble constant H(t) in (2.20) when substituting (2.74) for a:
H(t) ≡
˙a(t)
a(t)
=
2
3t
(2.75)
Thus, despite the pull of gravity from the dominating CDM, it is not able to recollapse
this universe.
2.2.9 The ΛCDM universe model
The cosmological constant Λ is one of the most important and enigmatic objects in
cosmology today. It can be positive or negative, but the positive case is much more
commonly considered. This is because the observational data from the last decade is
telling that the Universe has an accelerated expansion, i.e. a¨ > 0, and that Λ, which is
driving this acceleration, actually dominates the dynamics of the Universe. The data
also indicates a ﬂat geometry (k = 0), and in addition to Λ, a non-negligible dust
component mostly in the form of CDM. This realistic model of the Universe is called
the ΛCDM universe model.
To start with the component constituents, the observational data indicates that at
present time t0 approximately 70% of the Universe consist of Λ and 30% consist of
CDM. Thus, the equation (2.69) says
Ωm(t0) + ΩΛ(t0) = 0.7 + 0.3 = Ω(t0) = Ω0 = 1
=⇒ flat universe
(2.76)
and also at any time t
Ωm(t) + ΩΛ(t) = Ω(t) = 1 =⇒ flat universe (2.77)
Note that m is short for CDM in the subnotation. This means that in the past (t < t0)
the CDM density ρm(t) was greater than the Λ density ρΛ(t) = constant because
ρm(t) ∝ 1a(t)3 . But their respective density parameters always added up to ’one’ and
thus the Universe has been ﬂat at all times.
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The constant Λ, can be described as if it where a fluid with energy density ρΛc
2 and
pressure pΛ. This energy density was presented in equation (2.15) reproduced here:
ρΛ =
c2Λ
8πG
(2.78)
To describe how the cosmological ﬂuid of the ΛCDM universe evolves, only a small
modiﬁcation to the density evolution (2.72) for the EdS universe is needed. As presen-
ted, the ΛCDM universe consists of only one additional energy content to the EdS
universe which is the constant dark energy density ρΛc
2 (2.78). Note that it is a true
constant, e.g. not like the Hubble constant H0 = H0(t). That is, it is a constant
independent of cosmic time t. Thus, the evolution of the cosmic ﬂuid density ρ(t) in a
ΛCDM universe is a modiﬁcation of (2.72) and it says
ρ(t) =
ρ0
a3(t)
−→ ρ(t) = ρm(t0)
a3(t)
+ ρΛ (2.79)
where ρm(t0) is the present time (t = t0) density of the CDM and ρΛ ≡ ρΛ(t0) =
constant. As for the EdS model, the ﬂuid dilutes in proportion to the volume expansion
represented by the scalefactor a(t). Again one needs to know how the scalefactor a(t)
evolves with cosmic time. This expression for a(t) demands some tedious calculations
and its derivation will only be referred to the compendium ’Cosmology I’ by Øystein
Elgarøy [11] page 37-39. The result is
a(t) =
(Ωm0
ΩΛ0
)1/3[
sinh
(3
2
√
ΩΛ0H0t
)]2/3
(2.80)
where a(t = t0) ≡ a0 is given as 1. From the same pages also an expression for the
cosmic time t in this model is given. It says
t =
2
3H0
√
ΩΛ0
sinh−1
[( a
aΛ
) 3
2
]
(2.81)
where aΛ is a constant value of the scale factor which represent the scale of the Universe
when Ωm(t) = ΩΛ(t), i.e. at the cosmic time when the density of the cosmological
constant Λ begins to be greater than the density of the CDM. Without going into the
details on these pages, this equation gives, when using todays best data for H0 and
ΩΛ(t0), the age of the Universe to be t = t0 ≈ 13.5 billion years which turns out to be
consistent with the age of the oldest observed objects in the Universe.
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By substituting aΛ with a in (2.81) another interesting age reveals itself; the time
t = tΛ ≈ 9.8 billion years. It indicates when the accelerated expansion begun. Hence in
this realistic (i.e. consistent with observations) ΛCDM universe model the Universe has
had an accelerating expansion for the last ∼ 3.7 billion years. Now, this accelerating
expansion (a¨ > 0), which is the eﬀect of Λ, can be outlined from the second Friedmann
equation (2.61) as
a¨
a
= −4πG
3c2
(
ρm +
3pΛ
c2
)
+
Λ
3
(2.82)
In this equation, a positive cosmological constant Λ must contribute to a positive
accelerated scale factor a¨. This implies that Λ acts eﬀectively as a repulsive force and
if it is suﬃciently large, it can overcome the gravitational attraction (represented by
the ﬁrst term −4πG
3c2
ρm) and then lead to an accelerated expansion.
In order to determine the eﬀective pressure pΛ corresponding to Λ one consider the
ﬂuid equation (2.39) and substitute the ρ with ρΛ = constant and p with pΛ. This
gives
ρ˙Λ + 3
a˙
a
(
ρΛ +
pΛ
c2
)
= 0 =⇒
(
ρΛ +
pΛ
c2
)
= 0 (2.83)
and then
pΛ = −ρΛc2 (2.84)
This is the equation of state for the ΛCDM model and it is a speciﬁcation of the
general equation of state (2.65). One sees that the cosmological constant Λ has a
negative eﬀective pressure pΛ because w is here derived to be w = −1. Note that this
negative value of w is impossible to explain in the realm of Newtonian physics when it
was derived in chapter 2.2.7 to be w ≡ 〈v2〉
3c2
> 0. By ’negative eﬀective pressure’ it is
meant that as the Universe expands, work is done on the cosmic ﬂuid. This permits
its energy density ρΛ to remain constant even though the volume of the Universe is
increasing.
2.2.10 A short summary
The theory of basic cosmology needed for this thesis has now been introduced with the
aim of laying down a foundation for building upon more complex theories when, from
the next chapter, we start to consider a universe that is not so smooth after all. It is
important to remember that beneath this basic cosmological foundation lies the theory
of general relativity.
Chapter 3
The Inhomogeneous Universe
”..who are we? We find that we live on an insignificant planet of a humdrum star lost
in a galaxy tucked away in some forgotten corner of a universe in which there are far
more galaxies than people.”
-Carl Sagan
In the preliminary section 2.2, a ’homogeneous and isotropic’ universe was presented
and it contained a perfectly smooth cosmological ﬂuid. By the fact that we exists it fails
to describe the real Universe accurately and can thus only serve as an approximation.
This is because the real Universe is lumpy, i.e. it is inhomogeneous. Its cosmological
ﬂuid is full of lumps as for example stars and galaxies.
This chapter discusses how structures in the Universe develops from tiny lumps, i.e.
small density imperfections in the early cosmic ﬂuid, to become gravitational bound
objects on diﬀerent size scales that we observes today.
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3.1 Large-Scale Structures in the Universe
- A short introduction
This section is based on [9]. Galaxies are the basic building blocks in cosmology. They
tend not to be isolated, but like to band together and the way they are distributed over
cosmological distances is termed large-scale structure.
Other terms included in this are such as galaxy cluster which is used to describe a
physical aggregation of galaxies and can be systems of greatly varying size and richness.
A small galaxy cluster can consists of as few as 30 galaxies and at the other extreme
there are the rich galaxy clusters which can contain many thousands of galaxies in a
region just a few million light years across (the Milky Way is about 100 000 light years
across). In between these two extremes, galaxies appear to be distributed in systems
of varying density in a roughly hierarchical manner.
Individual galaxy clusters are not the largest structures to be seen. The distribution
of galaxies on scales larger than 30 million light years reveals a wealth of complexity
where they are not simply distributed in quasi-spherical blobs (a group that lacks
deﬁnite shape) but can also lie in extended quasi-linear structures called filaments (like
a heated glowing wire), or ﬂattened sheet-like structures (a roughly two-dimensional
concentration of galaxies). These structures can contain ∼ 1016 solar masses.
Even greater structures exist. The rich clusters themselves are clustered into enormous
loosely bound agglomerations (a state of being collected in a mass) called superclusters.
They can contain from ten rich clusters to more than ﬁfty and can have sizes as large
as 300 million light years (the observable universe is ∼ 14000 million light years),
containing as much as ∼ 1017 solar masses.
The structures now presented are complemented by vast nearly empty regions, many of
which appear to be roughly spherical. These so called voids contain fewer galaxies than
average, or even no galaxies at all, and appears on scales up to 200 million light years.
Their existence is not surprising, given the existence of clusters and superclusters,
because it is necessary to create regions of less than average density for there to be
regions of greater than average density.
These voids and lumps which constitutes these large-scale structures can be illustrated
with 2- and 3-dimensional maps from redshift observation and created in computer
simulations. They look like something which is called a cosmic web; a vast complex
3-dimensional network of intersecting chains and sheets. A simpliﬁed way to describe
how ’parts’ of this complexity arise will be presented, to some extent, in this chapter.
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3.2 Linear Perturbations in the Cosmic Fluid
The homogeneous isotropic universe and its corresponding Friedmann equations from
section 2.2 provides important insights into how the bulk properties of the Universe
change with time. But, as already mentioned, they describe an idealized world that
is perfectly smooth without any lumps and thus must be unrealistic. A universe that
starts out like that will remain perfectly smooth forever. Thus, in a realistic situation,
there will always be imperfections all the way from ’the beginning’.
These imperfections in the cosmic ﬂuid starts out like ’seeds’ called primordial density
perturbations from where the densities starts to grow. Such a denser piece of the
Universe exerts a stronger gravitational pull on its surroundings than what an average
corresponding piece will do. It will therefore attract material in, and depleting its
neighbourhood. This eﬀect is a runaway growth of the cosmic lumpiness and is called
gravitational instability. Eventually strongly bound lumps form and begin to collect
into galaxy clusters, ﬁlaments and sheets (ch. 3.1). A major challenge in cosmology is
to understand how the imperfections grows and become all these structures one sees in
the Universe today1.
3.2.1 The density contrast
Density perturbations in the the cosmic ﬂuid are commonly characterized by the density
contrast. Its deﬁnition is given as2
∆(x, t) ≡ ρ(x, t)− ρb(t)
ρb(t)
≡ δρ(x, t)
ρb(t)
(3.1)
where x = (x, y, z) represent spatial coordinates, ρb(t) is the average background density
at cosmic time t and ρ(x, t) is the local density at point x at the same cosmic time t
as the background density.
This density contrast ∆(x, t) will divide the Universe into two regions
• ∆(x, t) > 0 =⇒ the cosmic ﬂuid is overdense.
• ∆(x, t) < 0 =⇒ the cosmic ﬂuid is underdense. (3.2)
1This introduction was based on [9].
2[11] p. 119.
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Thus the density will grow where the density contrast is positive and the density will
continue to be diluted where the density contrast is negative. Another important thing
to note about the value of the density contrast is
• If 0 < ∆(x, t) < 1: The inhomogeneities are in the linear regime, and the
gravitational instability is very weak. Thus linear perturbation theory
can be used.
• If ∆(x, t) > 1: The inhomogeneities are in the nonlinear regime, the
gravitational instability is strong and the inhomogeneity are starting
to collapse and form gravitationally bound structures. Nonlinear
perturbation theory must be used.
(3.3)
3.2.2 Dynamics of linear perturbations
This subsection is based on [14] p. 460-464 and [11] p. 120-127. Much of the essential
physics of linear perturbations (3.3) in the cosmological ﬂuid can be extracted from a
Newtonian approach and not involve GR. One reason for this is that small perturba-
tions imply weak gravitational ﬁelds. Though a prerequisite is that the evolution of
perturbations studied is on scales smaller than the particle horizon, i.e. the observable
Universe, and that only speeds much less than the light speed are involved. Thus the
types of cosmological ﬂuids discussed in the following are so called non-relativistic flu-
ids. Note that this thesis mainly considers the nonlinear regime, so a full derivation
of the equation that describes the density evolution before the density contrast ∆ gets
bigger than one, will not be given. However, a brief review is appropriate.
The simplest situation to consider is a universe with only one component. The equations
describing its corresponding cosmic ﬂuid are called the fluid equations (or the Euler
equations) and are given as
∂ρ
∂t +∇ · (ρv) = 0
∂v
∂t + (v · ∇)v = −1ρ∇p−∇φ
∇2φ = 4πGρ
(3.4)
where ρ is the density, v = vxxˆ+ vy yˆ + vz zˆ is the velocity ﬁeld, p is the pressure and
φ is the gravitational potential. And for the following derivations, the del operator ∇,
the time partial derivative ∂∂t , and the operator (v ·∇) is given in Cartesian coordinates
as
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∇ ≡ ∂∂x xˆ+ ∂∂y yˆ + ∂∂z zˆ
∂
∂t =
d
dt − (v · ∇)
(v · ∇) = vx ∂∂x xˆ+ vy ∂∂y yˆ + vz ∂∂z zˆ
(3.5)
The form of the ﬂuid equations (3.4) has Eulerian coordinates. In these coordinates
the partial derivatives ( ∂∂t) describes time variations in the respective quantities at a
ﬁxed spatial point in the Universe.
By using (3.5) these equations can be written in another form where one follows the
motion of a particular ﬂuid element. This is called the Lagrangian description3 of a
ﬂuid and the corresponding ﬂuid equations takes the form
dρ
dt = −ρ(∇ · v)
dv
dt = −1ρ∇p−∇φ
∇2φ = 4πGρ
(3.6)
and will be the form used in the following. These equations has solutions and will be
called v = v0, ρ = ρ0, p = p0 and φ = φ0, which together with (3.6) represents a
perfectly smooth ﬂuid, i.e. no lumps involved. To introduce inhomogeneities one add
small perturbations to the solutions
v = v0 + δv
ρ = ρ0 + δρ
p = p0 + δp
φ = φ0 + δφ
(3.7)
Because this is about the linear regime (3.3), these perturbations is assumed to be suﬃ-
ciently small so that when substituting them into their respective equations in (3.6), an
expansion of these to first order is enough. Furthermore, it is assumed that the unper-
turbed pressure solution p0 is homogeneous, i.e. ∇p0 = 0. With these assumptions now
presented, the linearized ﬂuid equations can be derived from (3.6) with the perturbed
quantities (3.7). Then by referring to some tedious calculations in the compendium
[11] p. 122-123, the results are
3[14] p. 462.
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d
dt
(
δρ
ρ0
)
= −∇ · δv
d
dtδv + (δv · ∇)v0 = − 1ρ0∇δp −∇δφ
∇2δφ = 4πGδρ
(3.8)
These are thus the linearized equations describing how the perturbations evolve with
cosmic time t.
The perturbations are supposed to evolve, i.e. getting denser, inside the uniformly
expanding background universe, so it is convenient to change from physical coordinates
x to comoving coordinates r. Their relation was given in equation (2.25) and are
reproduced here:
x = a(t)r (3.9)
where a(t) is the background scalefactor. This change gives a perturbed expression δx
for the physical coordinates
δx = δ[a(t)r] = rδa(t) + a(t)δr (3.10)
and the eﬀect on the velocity ﬁeld
v ≡ δx
δt
= v0 + δv = Hx+ a(t)u (3.11)
where H = H(t) is the Hubble constant and u has the deﬁnition
δv = a(t)
δr
δt
≡ a(t)u (3.12)
Here u ≡ δrδt is, by considering (3.11), a velocity and describes the deviations from the
smooth Hubble expansion (ch. 2.2.2) represented by Hx. This deviation velocity u is
called peculiar velocity.
More tedious calculations now follows in [11] p. 123-125. Here the del operator ∇
with physical coordinates is replaced with a corresponding del operator ∇c which use
comoving coordinates. Their relation is
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∇ = 1
a
∇c (3.13)
where the notation c denotes ’comoving’. The calculation starts out with the second
equation in (3.8) and uses the rest of the equations (3.9) - (3.13) together with the rest
of the two equations in (3.8). The ﬁnal result is
d2∆
dt2
+ 2
a˙
a
d∆
dt
=
c2s
ρ0a2
∇2cδρ+ 4πGρ0∆ (3.14)
where ∆ ≡ δρρ0 is the density contrast (3.1), ρ0 is the smooth unperturbed background
density, a˙ ≡ dadt and cs is the sound speed in the ﬂuid and originates from the relation
δp = c2sδρ (3.15)
which applies to an adiabatic system where δp is the pressure perturbation and δρ is
the density perturbation. Thus, equation (3.14) describes the linear time evolution of
a small density perturbation in the cosmological ﬂuid, i.e. how the density evolution
was before the upcoming lumps got to be distinct gravitationally bound objects and
before their density contrasts ∆(x, t) became bigger than one (3.3). Note that from
(3.15) zero pressure p = 0 implies zero sound speed cs = 0 and then the second term
on the right hand side disappears.
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3.3 Nonlinear Perturbations in the Cosmic Fluid
- The Spherical Collapse Model
The previous chapter 3.2 presented a way to describe the evolution of perturbations in
the linear regime (3.14), i.e. when the density contrast ∆(x, t) was greater than zero
but less than one. When doing this, one of the tasks of cosmology is to confront the
predictions with observational data, but a problem is that the objects observed today
are the results of nonlinear evolution of perturbations. For example galaxy clusters
are thousands of times denser than the background density ρb, and galaxies themselves
have densities a million times this average. It is therefore critical to understand the
evolution that continues after the linear description breaks down, i.e. when ∆(x, t) > 1
and ∆(x, t) >> 1.
So one needs to understand the process that created the structures of todays observed
galaxies and galaxy clusters etc. to be able to test theories in the linear regime. This
can only be done by nonlinear theories. The most realistic alternative among these are
a brute force method called N-body simulations done on computers. This is done by
numerical integration of the equations of motion for a large number of particles which
are given small initial perturbations. Nevertheless, it is essential to develop other more
intuitive nonlinear theories which are used for understanding the results of the N-body
simulations and also to understand observational data. The simplest of these nonlinear
theories is The Spherical Collapse Model.
3.3.1 The spherical collapse model
This subsection is based mainly on Padmanabhan [15] p. 273-277 and Peacock [14] p.
488. Nonlinear evolution of perturbations can be studied analytically if some simpli-
fying assumptions are made, and the spherical collapse model is a theory that handles
this.
Consider the density contrast ∆(x, ti) at some initial time t = ti. It will divide the
universe into overdense (∆ > 0) and underdense (∆ < 0) regions. The overdense mass
concentrations are separated systems where each will generate a self-gravity which
works against the expansion of the Universe and thus expand at a progressively slower
rate compared to the background universe. At some point the density contrast of the
system will be suﬃciently big to generate a gravitational potential which disentangling
it from the rest of the expanding universe. It has then made itself into a sort of a closed
sub-universe.
Now, provided that this sub-universe is shaped as a sphere with spherical symmetry,
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the following apply: According to the so called Birkhoff theorem4 in GR, the metric
and the equations of motion of a freely falling test particle (ch. 2.1.2) inside it are
independent of what is happening outside it and the sub-universe are therefore itself a
homogeneous isotropic universe, described by a FLRW metric (2.34). This is crucial to
understand, because it means that this sub-universe can be described by the same set
of equations of motion as the background universe, i.e. the same Friedmann equations
(2.60) and (2.61), solved by its own scalefactor as(t). Here the s-notation stands for
’sphere’. Note that the cosmic time t is still the same for both.
The details of the above collapsing process depends on the initial density proﬁle which
means - how strong the initial density perturbation is decides how fast it will evolve. For
the spherical collapse model, the density distribution has a spherical symmetry about
some point and this sphere is considered to be on scales much less than the particle
horizon, i.e. much less than the observable Universe.
Derivation
Firstly, the derivation of the spherical collapse model is done by considering the sphere
inside a universe with no dark energy. Secondly, as mentioned above, the sphere which
is a sub-universe, is a universe in its own right and with its own scalefactor as. Analog
with (3.9) the relation between its comoving coordinate rs and physical coordinates xs
is
xs = as(t)rs (3.16)
and its physical radial coordinate R, given as a scalar because of the spherical symmetry
of the system, is deﬁned as
R ≡ |xs| = as(t)|rs| = as(t)rs (3.17)
The sphere has an initial density (sub-notation ’i’) distribution
ρs(R, ti) = ρb(ti) + δρ(R, ti) = ρb(ti)[1 + ∆i(R)] (3.18)
where ρb(ti) is the background density, δρ(R, ti) is the density perturbation that gives
the sphere its additional density, and ∆i(R) ≡ ∆(R, ti) is the initial density contrast
which is a function of the radius R.
4[16] p. 421.
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Because R = R(ti) is taken to be much smaller than the observable universe and
the gravity at work is still relatively small (though bigger than in the regime of linear
evolution of perturbations), the dynamics of the sphere can be studied in the Newtonian
limit and thus utilizing Newtonian physics, again not to be worried about GR. With
this in mind the derivation can continue.
The gravitational potential φs of the sphere determines its dynamics and is given as
φs(R, t) = φb(R, t) + δφ(R, t) = −12
(
a¨
a
)
R2 + δφ(R, t)
= 2π3 Gρb(t)R
2 + δφ(R, t)
(3.19)
where φb(R, t) is the gravitational potential generated from the background dens-
ity ρb(t), δφ(R, t) is the gravitational potential generated by the additional density
δρ(R, t), i.e. it is an eﬀect of the density perturbation, and a = a(t) is the background
scale factor. The equality −12
(
a¨
a
)
= 2π3 Gρb is due to Friedmann’s second equation
(2.61) for the EdS universe.
The motion of a thin shell of particles located at a distance R from the center of the
sphere is governed by the equation of motion
d2R
dt2
= −∇φs (3.20)
Because of the spherical symmetry, R → R and ∇ → ∂∂R , and thus when substituting
(3.19) in (3.20) the result becomes
d2R
dt2
= −∂φs
∂R
= −4π
3
Gρb(ti)Ri − ∂δφ
∂R
= −GMb(Ri, ti)
R2i
− GδMb(Ri, ti)
R2i
(3.21)
where Mb(Ri, ti) is the non-perturbed part of the mass inside the sphere given by the
homogeneous background density ρb(ti) at a certain initial cosmic time t = ti and a
certain initial physical radial coordinate R(ti) ≡ Ri of the sphere. Thus
Mb(Ri, ti) =
4π
3
ρb(ti)R
3
i ≡
4π
3
ρb(ti)|xs(ti)|3 = 4π
3
ρb(ti)a
3
s(ti)|rs|3 = constant (3.22)
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Before going further, one needs to specify the general expression for the density contrast
(3.1) for this nonlinear model, and it is
∆(x, t) −→ ∆(Ri, ti) ≡ (ρb(Ri, ti) + δρb(Ri, ti))− ρb(ti)
ρb(ti)
=
ρs(Ri, ti)− ρb(ti)
ρb(ti)
(3.23)
which is for a speciﬁc initial cosmic time t = ti. Note that the initial density of the
sphere is ρs(Ri, ti) = ρb(Ri, ti) + δρb(Ri, ti), where δρb(Ri, ti) is a small initial density
perturbation in the background density ρb(Ri, ti) such that ρs(Ri, ti) & ρb(Ri, ti). The
density contrast for t > ti is then
∆(R, t) ≡ ρs(R, t)− ρb(t)
ρb(t)
(3.24)
where R = R(t).
For a spherically symmetric density distribution, the gravitational force on any shell of
the sphere depends only on the excess mass δM contained inside the shell. This mass
is given as
δM(R, t) = 4π
∫ R
0
δρb(q, t)q
2dq = 4πρb(t)
∫ R
0
q2∆(q, t)dq (3.25)
where R is the physical radial coordinate (3.17), δρb is the excess density inside the
shell (i.e. the density perturbation in the background density ρb), and ∆ is the density
contrast (3.24).
A simpliﬁcation to this analytical derivation is an assumption that all the shells do not
cross each other during their dynamical evolution. That is, if the shells are initially
labeled with their corresponding physical radius, R1 < R2 < R3 ···· Rn−2 < Rn−1 < Rn,
where R1 is the distance to the center of the closest shell and Rn is the distance to
the center of the farthest away shell, then the perturbed part δM of the total mass
contained within a shell of radius Rj (j = 1, 2, ..., n) does not change with time, i.e.
δM(Rj(ti), ti) = δM(Rj(t), t) = constant.
One can now get some new expressions that uniﬁes the two mass terms involved,
Mb(Ri, ti) and δM . The total mass Ms of the whole sphere is given as
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Ms =Mb(Ri, ti) + ∆¯iMb(Ri, ti) = (1 + ∆¯i)Mb(Ri, ti)
= (1 + ∆¯i)
4π
3 R
3(ti)ρb(ti) = constant
(3.26)
where
∆¯i ≡ ∆¯(Ri, ti) ≡
∫ Ri
0 ∆(R, ti)4πR
2dR
4π
3 R
3
i
(3.27)
which is the mean value of the density contrast ∆(R, ti), i.e. where R ∈ [0, Ri], within
the total sphere at the time t = ti. By substituting (3.26) in the equation of motion
(3.21) it can be written in a simpler manner as
d2R
dt2
= −GMs
R2
(3.28)
and by integrating it one gets
1
2
R˙2 − GMs
R
= E (3.29)
where R˙ ≡ dRdt , and E is a constant of integration and can be considered as the total
energy of the sphere, that is, the sum of its kinetic energy K and potential energy U .
This equation is useful and the sign of E holds important information which is
• If E > 0 : R˙ will never become zero and the shell will expand forever.
• If E < 0 : As R increases R˙ will eventually become zero and later
negative, implying a contraction and collapse.
(3.30)
These conditions can be expressed in a more convenient form by considering the terms
in (3.29) at an initial instant t = ti, where ti is chosen to be at a time which ∆i
is quite small so that the overdense region was expanding along with the background .
By doing this implies that the peculiar velocity part of the spheres evolving velocity
3.3 Nonlinear Perturbations in the Cosmic Fluid
- The Spherical Collapse Model 47
R˙(ti) ≡ R˙i can be neglected and thus, R˙i =
(
a˙
a
)
Ri ≡ H(ti)Ri ≡ HiRi at this time ti.
Thus, the initial kinetic energy of the sphere will be
K(ti) ≡ Ki = 1
2
R˙i
2
=
1
2
H2i R
2
i (3.31)
and the potential energy is
|U(ti)| ≡ |Ui| =
∣∣∣(− GMsR )t=ti
∣∣∣ = G4π3 ρb(ti)R2i (1 + ∆¯i)
= 12H
2
i R
2
iΩi(1 + ∆¯i) = KiΩi(1 + ∆¯i)
(3.32)
where Ωi =
ρb(ti)
ρc(ti)
denoting the initial value of the density parameter of the background
universe, and ρc(ti) =
3H2i
8πG is the critical density at this initial time ti. The total energy
E is therefore expressed as
E = K + U = Ki −KiΩi(1 + ∆¯i) = KiΩi
[ 1
Ωi
− (1 + ∆¯i)
]
(3.33)
From this, one sees that the condition for the sphere to collapse (E < 0) becomes
∆¯i >
( 1
Ωi
− 1
)
(3.34)
which then represents a critical value. By considering this condition the following can
be stated:
• In a closed or ﬂat universe (Ω−1i ≤ 1), any overdense
region (∆ > 0) will eventually collapse.
• In an open universe (Ωi < 1), any overdense region (∆ > 0)
has to be above a critical value ∆crit to collapse.
(3.35)
Now, consider a sphere with total energy E < 0. It will expand to a maximum radius
R = Rta, the so called turnaround point (subnotation ’ta’), and then start to collapse.
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The value of Rta can be derived by noting that the expansion velocity of the sphere
has to be zero at turnaround, i.e. R˙|R=Rta = 0. By exploiting this in equation (3.29)
and realize that (3.32) implies GMs = RiKiΩi(1 + ∆¯i) one gets
E = −GMs
Rta
= − Ri
Rta
KiΩi(1 + ∆¯i) (3.36)
Now, by equating this expression for E with the one in (3.33) gives
Rta
Ri
=
(1 + ∆¯i)
∆¯i − ( 1Ωi − 1)
(3.37)
This equation describes the fact that as less overdense a shell of the sphere is, compared
to the critical value ( 1Ωi − 1) from (3.34), the longer time it will use before it reach the
turnaround point and starts to collapse. This can be seen from the value of the sphere’s
maximal radiusRta which it gets at turnaround, clearly Rta ≫ Ri if ∆¯i &
(
1
Ωi
−1
)
. And
if the density of the sphere is the same as the background density, that is ∆¯i =
(
1
Ωi
−1
)
,
then of course Rta →∞ and it will never collapse.
Analytical solution
The time evolution of the shell can be described by solutions to equation (3.29). For
the situations where E < 0, the solution is given in a parametric form5 as
R = A(1− cos θ)
t+ T = B(θ − sin θ)
A3 = GMsB
2
(3.38)
where A and B are constants, the parameter θ increases with increasing time t, and the
radius R increases to a maximum value before decreasing to zero. The constant T makes
it possible to set the initial condition such that at t = ti, the radius is R = Ri. The
constant A can be determined as: At θ = π, is R(π) = 2A = Rta, and by substituting
this Rta in (3.37) gives
5[15] p. 276.
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A =
Ri
2
(1 + ∆¯i)
∆¯i − ( 1Ωi − 1)
(3.39)
The constant B can then be determined by utilizing the third equation of (3.38), sub-
stitute A with (3.39) and Ms with the expression from (3.26). After some standard
algebraic calculations the result is
B =
1 + ∆¯i
2HiΩ
1
2
i [∆¯i − ( 1Ωi − 1)]
3
2
(3.40)
where Hi is the initial value of the Hubble parameter. Thus, the parametric form
(3.38) describes a shell that encloses a mass Ms and is initially expanding with the
background universe, with time it will progressively slow down, reach a maximum
radius (turnaround point) at θ = π, and then start to collapse inward toward its
center. Because the density parameter Ωi has not been given a speciﬁc value, this
solution can be used in universe models which are either closed, flat or open. So it is
a general solution for the situation where the shell has a total energy E < 0 and is
contained in a universe with no dark energy.
50 The Inhomogeneous Universe
3.4 The Origin of Cosmic Structure
- A very short introduction
The two procedures discussed in chapter 3.2 and 3.3 which describes the evolution
of an initial density perturbation in the linear regime and in the nonlinear regime,
respectively, are both incomplete in one important aspect. They start out from an
initial inhomogeneity without explaining its origin. That is, they describes the evolution
of gravitational instabilities based on already existing density perturbations, but says
nothing about where they came from. Despite that this thesis is not concerned about
their origin, it is appropriate to have mentioned what possibly caused their existence
in the ﬁrst place.
Inflation and the uncertainty principle
None of the established physics today is capable of making perturbations6. However,
there exists a mechanism that can, and one needs to go back to the early history of the
Universe to see this.
It turns out that the very short epoch of inflation, from 10−36 to 10−32 seconds after
the Big Bang, is capable of generating irregularities that serves as ’seeds’ for initiating
structure formation. This stems from the uncertainty principle in quantum mechanics
which says that apparently empty space is a seething mass of quantum fluctuations, i.e.
with particles continually popping in and out of existence. These processes happens at
time and length scales so small which makes them easy to ignore, but during a period
of inﬂation the Universe is expanding so rapidly that any ﬂuctuations gets caught up
in the expansion and stretched. That means, while one set of ﬂuctuations is being
stretched, new ﬂuctuations are always being created which will then themselves be
caught up in the expansion. Thus, by the end of this epoch, there has been created
small irregularities, i.e. inhomogeneities in the cosmic ﬂuid, on a wide range of diﬀerent
length scales.
From this point, the linear evolution of these perturbations starts, and eventually the
nonlinear evolution takes over and ends up, much later, with the structures one observes
today, such as galaxies and galaxy clusters (ch. 3.1). This inﬂationary mechanism is
currently the most popular model for the origin of structure, mainly because so far it
oﬀers excellent agreement with the real Universe, such as with the cosmic microwave
background spectrum. If it is a correct picture, a striking consequence is that all
structures, including our own bodies, ultimately owe their existence to small quantum
ﬂuctuations.
6Based on [10] p. 157-158 and [15] p. 353.
Chapter 4
Spherical Collapse in the
EdS Universe Model
In this chapter the mathematical framework of the spherical collapse model in the EdS
universe will be derived. Also a condition for halting the inward collapse of this model
will be given, and ﬁnally some important analytical values will be derived from it to
be used in conjunction with numerical simulations in the following chapters.
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4.1 The Equations of Motion of the Sphere
in the EdS Universe Model
This section is bases on Padmanabhan [15] p. 277. When considering spherical collapse
in the EdS universe model, the general solution (3.38) for spherical collapse presented
in chapter 3.3.1 needs to be speciﬁed. In this model the universe is ﬂat and that means
the density parameter equals one (Ωi = 1). With this information, the constants A and
B given in (3.39) and (3.40), respectively, is immediately given as
A =
Ri
2
(1 + ∆¯i
∆¯i
)
and B =
1
2Hi
(1 + ∆¯i
∆¯
3
2
i
)
=
3ti
4
(1 + ∆¯i
∆¯
3
2
i
)
(4.1)
where Hi =
2
3ti
in (2.75) for the EdS universe. Then, by substituting for A and B in
the two ﬁrst equation of (3.38), the conditions at time t = ti now have to satisfy
Ri =
Ri
2
(1 + ∆¯i
∆¯i
)
(1− cos θi) (4.2)
and
ti + T =
1
2Hi
(1 + ∆¯i
∆¯
3
2
i
)
(θi − sin θi) (4.3)
where θi ≡ θ(t = ti). Equation (4.2) implies that cos θi = 1−∆¯i1+∆¯i ≈ 1− 2∆¯i to ﬁrst order
since ∆¯i is expected to be small (∆¯i ≪ 1). Then also cosθi can be expanded to ﬁrst
order, cosθi ≃ 1− θ
2
i
2 , and then by equating these two approximated expressions gives
1− 2∆¯i = 1− θ
2
i
2
⇒ θ2i = 4∆¯i ⇒ θi = 2∆¯
1
2
i (4.4)
Substituting (4.4) for θi in (4.3), and expanding sin(θi) = sin(2∆¯
1
2
i ) to ﬁrst order, that
is, sin(2∆¯
1
2
i ) ≃ 2∆¯
1
2
i − (2∆¯
1
2
i )
3/6, and then do some standard algebra gives
Hi(ti + T ) =
2
3
(1 + ∆¯i) (4.5)
Since Hiti =
2
3 , then HiT =
2
3∆¯i and thus this can be written as
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HiT =
( 2
3ti
)
T =
2
3
∆¯i ⇒ T
ti
= ∆¯i ≪ 1 (4.6)
Hence, T will be ignored in what follows. Note as long as ∆¯i ≪ 1 is assumed, similar
conclusions hold for models with Ωi 6= 1.
For the sake of order, a collection of the equations (3.38) and (4.1) that describes a
spherical collapse in the EdS universe is rewritten here:
R = A(1− cos θ), t = B(θ − sin θ), A3 = GMsB2
A = Ri2
(
1+∆¯i
∆¯i
)
and B = 3ti4
(
1+∆¯i
∆¯
3
2
i
) (4.7)
where T has been ignored. These equations gives the complete information about how
each perturbed mass shell of the sphere evolves. They can be used to work out all the
characteristics of the evolution of a spherical perturbation in the nonlinear regime in
the EdS universe model.
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4.2 A Simplification
- The whole sphere’s density is homogeneous
This section is based on Padmanabhan [15] p. 277-279. The mass Ms(R) within any
shell with radius R, contained in a deﬁned sphere, is at all times constant because of
the assumption that no shells are crossing during the sphere’s evolution. The mean
density ρ¯sh(R, t) within an arbitrary shell (subnotation ’sh’) with radius R is therefore
given as
ρ¯sh(R, t) ≡ ρ¯sh(t) = Ms(R)4
3πR
3(t)
=
3Ms
4πA3(1− cos θ(t))3 (4.8)
where
Ms(R) =Ms(R(ti)) ≡Ms = constant (4.9)
Note that ρ¯sh(R, t) = ρ¯sh(t) because R = R(t) given in (4.7). Now, in a simplified
case one can consider the density of the total sphere at once and require it to be
homogeneous at all times, i.e. for t ≥ ti. This simpliﬁed density will be represented as
ρs = ρs(R, t) = ρs(t). (Note that R is now the radius of the whole sphere and not the
radius of a speciﬁc shell somewhere within the sphere.) This implies that ρ¯sh(t) in (4.8)
now represents the actual density of the whole sphere bounded by its radius R = R(t).
Thus
ρ¯sh(R, t) = ρ¯s(R, t) ≡ ρs(R, t) ≡ ρs(t) = Ms4
3πR
3(t)
=
3Ms
4πA3(1− cos θ(t))3 (4.10)
So from now on and through the rest of this thesis:
ρs = ρs(t) represents the homogeneous density of the whole sphere. (4.11)
This calls for an important clariﬁcation of the mean density contrast ∆¯(R, t). So
far, this has represented the mean density contrast inside a speciﬁc shell with radius
R contained in the sphere. But now, in this simpliﬁed case, it should represent the
density contrast of the whole sphere. That is, because the density of the total sphere
now has been simpliﬁed to be homogeneous (4.11), the whole sphere will therefore
also correspond to only one density contrast ∆ = ∆(t ≥ ti), i.e. with the same
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quantity everywhere inside it at a speciﬁc time t. This simpliﬁed density contrast will
be presented as
∆ = ∆(R, t) ≡ ∆(t) = ρs(t)− ρb(t)
ρb(t)
(4.12)
One sees that it appears almost the same but with no bar on it. Note that this deﬁnition
is the same as (3.24) but now, as just explained, corresponds to the whole sphere and
not just a speciﬁc shell within the sphere. So from now on and through the rest of this
thesis:
∆ = ∆(t) represents the homogeneous density contrast of the whole sphere. (4.13)
To work out the time evolution of the density contrast ∆(t), one needs to know how
the background density evolves. In this chapter the simplest case is considered, i.e. the
sphere is evolving inside the EdS universe. The corresponding expansion factor a(t)
and density ρb(t) of the background universe is given from the equations (2.74) and
(2.67) in chapter 2.2 and reproduced here:
a(t) =
( t
t0
) 2
3
and ρb(t) = ρc(t) ≡ 3H
2(t)
8πG
(4.14)
where the background density ρb(t) is equal to the critical density ρc(t) because the EdS
universe is ﬂat and required to contain only one component which here is CDM. Note
that for ρb, compared with (2.67), the factor c
2 is removed to get the unit [ρb] =
kg
m3
instead of J
m3
= kgm
2/s2
m3
. A more useful expression for ρb(t) in the following, one gets
by substitute the expression of a(t) in H(t) such that
ρb(t) =
3H2(t)
8πG
≡ 3
8πG
( a˙
a
)2
=
1
6πGt2
=
1
6πG[B(θ(t)− sin θ(t))]2 (4.15)
where t is substituted by the expression in (4.7). Now, the density contrast ∆(t) of
the total sphere (remember (4.13)), can be found by substituting for ρs(t) and ρb(t) in
(4.12) which gives
∆(t) ≡ ρs(t)− ρb(t)
ρb(t)
=
ρs(t)
ρb(t)
− 1 = 9
2
(θ(t)− sin θ(t))2
(1− cos θ(t))3 − 1 (4.16)
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where the relation A3 = GMsB
2 from (4.7) has been used. Thus, this expression
describes the cosmic time evolution of the homogeneous density contrast inside the
whole sphere.
Growth law of ∆ in the linear regime
Although this spherical model mainly describes evolution in the nonlinear regime, a
correct growth law of the homogeneous density contrast ∆(t) in the linear regime
(i.e. ∆(t) −→ ∆lin(t)) can be derived from it. This description of linear evolution
is recovered in the limit of small t. In this limit, t from (4.7) and ∆(t) from (4.16)
becomes
t ≈ Bθ
3
6
⇔ θ ≈
(6t
B
) 1
3
and ∆(t) ≈ 3θ
2
20
→ ∆lin(t) = 3θ
2
20
(4.17)
where the subnotation ’lin’ stands for linear. By substituting this approximated θ in
∆lin(t) and also substitute B with (4.1) (note that now ∆¯i −→ ∆i, see (4.13)) results
in
∆lin(t) =
3
20
(6t
B
) 2
3
=
3
20
(6t)
2
3
[ 4
3ti
( ∆ 32i
1 + ∆i
)] 2
3
=
3
5
∆i
( t
ti
) 2
3
(1 + ∆i)
− 2
3
≈ 3
5
∆i
( t
ti
) 2
3
(1 − ∆i
3
)(1 − ∆i
3
) =
3
5
∆i
( t
ti
) 2
3
(1− 2
3
∆i +
∆i
9
)
≈ 3
5
∆i
( t
ti
) 2
3 ∝ a(t) =
( t
t0
) 2
3
(4.18)
This is the correct growth law (∆lin ∝ a ∝ t
2
3 ) for the purely growing mode in the
linear regime if the initial peculiar velocity is zero, i.e. the initial expansion of the
sphere is the same as the expansion of the background universe.
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For the further discussion it is convenient to use two other variables which are
ri ≡ rs(ti) = a(t0)
a(ti)
Ri = constant
∆lin,0 ≡ ∆lin(t0) ≡ 3
5
∆i
( t0
ti
) 2
3
=
3
5
∆i
(
t0
t0
) 2
3
(
ti
t0
) 2
3
=
3
5
∆i
a(t0)
a(ti)
=
3
5
∆i(1 + zi) = constant
(4.19)
The ﬁrst variable is the comoving radius of the sphere (see (3.16) and (3.17)) with the
background universe at the initial time ti of its evolution. Here it corresponds with the
initial physical radius R(ti) ≡ Ri. The second variable is deﬁned from (4.18) and the
last equality is taken from (2.26) where zi ≡ z(ti) is the redshift at the initial time of
evolution of the sphere. It represents the present value of the sphere’s density contrast,
predicted by the linear theory of the spherical collapse model, if the density contrast
was ∆i at the redshift zi.
When considering the constants A and B from (4.7) again (remember ∆¯i −→ ∆i), and
utilizing these two new variables (4.19) together with the assumption that ∆i ≪ 1, and
retaining only the leading terms of ∆i, results in two forms of simpler expressions for
A and B, respectively. That is
A =
Ri
2
(1 + ∆i
∆i
)
=
Ri
2
( 1
∆i
+ 1
)
≈ Ri
2∆i
=
1
2∆i
( a(ti)
a(t0)
ri
)
=
1
2
(
1
5
3∆lin,0
a(ti)
a(t0)
)( a(ti)
a(t0)
ri
)
=
3ri
10∆lin,0
(4.20)
and
B =
3ti
4
(
1 +∆i
∆
3
2
i
)
=
3ti
4
(
1
∆
3
2
i
+
1
∆
1
2
i
)
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3ti
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a(t0)
) 3
2
=
3ti
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(4.21)
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For the sake of order, collecting all the above results (4.7), (4.16), (4.20) and (4.21),
the evolution of a spherical and homogeneous overdense region can be summarized by
the following equations:
R = A(1− cos θ) = Ri
2∆i
(1− cos θ) = 3ri
10∆lin,0
(1− cos θ)
t = B(θ − sin θ) = 3ti
4∆
3
2
i
(θ − sin θ) = 3
4
(3
5
) 3
2 t0
∆
3
2
lin,0
(θ − sin θ)
∆ ≡ 9
2
(θ − sin θ)2
(1− cos θ)3 − 1
(4.22)
where R is the physical radius of the sphere, t is the cosmic time, θ ∈ [0, 2π] is a
parameter, ri and ∆i are deﬁned in (4.19), and ∆ is given in (4.16).
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4.3 Violent Relaxation and the Virial Theorem
This section is based mainly on Padmanabhan [15] p. 280-281. When the sphere has
reached the turnaround point, it has ceased to expand and starts to contract towards its
center. The expression for ∆ in (4.22) implies that at θ = 2π all the mass will collapse
to a point. However, long before this happens, this approximated model breaks down,
because at some time during the collapse, it will no longer be realistic that matter is
distributed in spherical shells and that random velocities of the particles are small. The
collisionless component, i.e. CDM, that constitute the sphere will at some time reach
at state of virial equilibrium by a process known as violent relaxation.
During a realistic collapse there will be large ﬂuctuations in the gravitational potential,
and thus individual particles will not follow orbits which conserves energy. This changes
in energy depends in a complex way on the particles initial position and velocity, but
the net eﬀect will be to widen the range of energies available to the particles. Thus, a
potential varying in time can provide a relaxation mechanism. This process will relax
the collisionless component CDM to a conﬁguration with physical radius R = Rvir and
density ρ = ρvir (’vir’ means virialization). Note that the behaviour of the baryonic
component is more complicated. Such a virialized system can be used to model the
structures which one observes in the universe today. The physical parameters of such
a system are given by a well known theorem and which is very central in the spherical
collapse model. This theorem is The Virial Theorem1 and it says
|U | = 2K (4.23)
where U is the potential energy of the sphere and K is its kinetic energy. When and
after the sphere has virialized, this is the relation between its potential and kinetic
energy. That is, the absolute value of the potential energy is twice as big as the kinetic
energy.
The expression of the potential energy U , related to CDM, applies to a spherically
symmetric system with homogeneous density and it is given as2
U = −3
5
GM2s
R
(4.24)
where G is the gravitational constant, and
1A derivation of this theorem can be found in [17] p. 225-227.
2A derivation of this expression can be found in [17] p. 157-158.
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Ms =
4
3
πR3ρs (4.25)
is the total mass, R is the physical radius, and ρs is the homogeneous density of the
sphere. The expression of the kinetic energy3 K is
K =
1
2
Msv
2 (4.26)
where Ms is the total mass and v is the velocity dispersion, i.e. the sphere’s rate of
expansion or collapse. One last equation is central in the spherical collapse model, and
that is the one expressing energy conservation
E = U +K (4.27)
where E is the total energy of the sphere. Now, with these last four equations (though
one does not really need (4.26) in the following context), an important parameter can
be derived which is the radius R = Rvir of the sphere at virialization.
At the time t = tta the sphere has reached its maximum expansion (the turnaround
point) and all its energy E has to be in the form of potential energy U = U(tta),
because then the expansion rate v is zero, i.e. v = 0 ⇒ K(tta) = 0. Thus
E(tta) = U(tta) +K(tta) = −3
5
GM2s
Rta
|U(tvir)| = 3
5
GM2s
Rvir
= 2K(tvir) (Virial theorem (4.23))
E(tvir) = U(tvir) +K(tvir) = U(tvir) +
1
2
|U(tvir)|
= −3
5
GM2s
Rvir
+
1
2
3
5
GM2s
Rvir
= −1
2
3
5
GM2s
Rvir
E(tta) ≡ E(tvir) =⇒ −3
5
GM2s
Rta
= −1
2
3
5
GM2s
Rvir
=⇒ 1
Rta
=
1
2
1
Rvir
(4.28)
3A derivation of this expression can be found in [17] p. 227.
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=⇒ Rvir = 1
2
Rta (4.29)
where t = tvir is the time when the sphere has reached virial equilibrium, i.e. at the
virialization point. So, the radius at virialization for a spherical collapse in the EdS
universe is half of the sphere’s maximum radius. This will be an important analytical
value to compare numerical simulations with in the following chapters.
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4.3.1 Virialization condition for the EdS universe
For the program code to be able to calculate when the sphere reaches its virial radius it
needs a relation between the sphere’s potential energy Uta ≡ U(tta) ≡ U(as,ta) at turn-
around, and the sphere’s potential energy Uvir ≡ U(tvir) ≡ U(as,vir) at virialization,
where as is the sphere’s scalefactor. This relation will now be derived.
Energy conservation (4.27) =⇒ K(as,ta) + U(as,ta) = E(as,ta) < 0
where K is the kinetic energy (4.26), U is the potential energy (4.24),
and as,ta is the scalefactor of the sphere at turnaround.
At turnaround, K = K(as,ta) = 0, and thus E(as,ta) = U(as,ta).
Also, energy conservation (4.27) =⇒ K(as,vir) + U(as,vir) = E(as,vir) < 0
where as,vir is the scalefactor of the sphere at virialization.
At virialization, (4.23) =⇒ U(as,vir) = −2K(as,vir), and thus
− 1
2
U(as,vir) + U(as,vir) = E(as,vir) =⇒ E(as,vir) = 1
2
U(as,vir)
Because energy conservation demands E(as,vir) = E(as,ta), this implies that
U(as,vir) = 2U(as,ta).
Thus, the virialization condition implemented in the code is
U(as,vir) = 2U(as,ta)
(4.30)
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4.4 Analytical Calculations
This section4 is important for the code developed for this thesis because of the analytical
values that will be derived here can be compared with some of the simulated data.
The simpliﬁed model in section 4.2 serves as a way for the code to get verified, i.e. when
the code simulates a spherical collapse of a homogeneous mass density distribution in
the EdS universe, it will be doing it correctly if it is able to simulate data which is equal,
or close to equal, to these analytical values. When this is in place, more credence can
be given to the code when it gets modiﬁed to simulate spherical collapse in other types
of universe models where it do not exists analytical values to compare with. These
analytical values will now be derived.
From (2.26) one knows that the redshift and the scalefactor are related as a = 11+z . By
exploiting this fact one can derive the following useful relation
a(t)
a(ti)
=
(
t
t0
) 2
3
(
ti
t0
) 2
3
=
(
1
1+z
)
(
1
1+zi
) ⇒ a(t)
a(ti)
=
( t
ti
) 2
3
=
1 + zi
1 + z
⇔ t
ti
=
(1 + zi
1 + z
) 3
2
(4.31)
This can so be substituted for tti in the second equality of t in (4.22) which gives
(1 + zi
1 + z
) 3
2
=
3
4∆
3
2
i
(θ − sin θ) ⇔ z =
(4
3
) 2
3 ∆i(1 + zi)
(θ − sin θ) 23
− 1
=
(4
3
) 2
3
∆i
(
1
a(ti)
)
(θ − sin θ) 23
− 1 =
(4
3
) 2
3
∆i
(
t0
ti
) 2
3
(θ − sin θ) 23
− 1 = 5
3
(4
3
) 2
3 ∆lin,0
(θ − sin θ) 23
− 1
(4.32)
where the last equality is given by (4.18), implying ∆lin(t0) ≡ ∆lin,0 ≈ 35∆i
(
t0
ti
) 2
3
, which
is the relation between the purely growing mode and the scalefactor a(t) = (t/ti)
2
3 in
the linear regime. This equation deﬁnes the parameter θ implicitly in terms of the
redshift z, that is θ = θ(z). Together with the deﬁnition of ∆ from (4.22), they deﬁnes
implicitly the function ∆(z) for z > zi, i.e. the nonlinear evolution of the homogeneous
density of the sphere as a function of the redshift z. In this manner, ∆ from (4.22) is
reproduced here,
4Based on Padmanabhan [15] p. 280-281.
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∆ = ∆(z) = ∆(θ(z)) =
9
2
(θ − sin θ)2
(1− cos θ)3 − 1 (4.33)
and for comparison, the linear evolution is given, implied by equation (4.19), as
∆lin =
3
5
∆i
( t
ti
) 2
3
=
3
5
∆i
a(t)
a(ti)
=
3
5
∆i
(1 + zi)
(1 + z)
=
3
5
(3
4
) 2
3
(θ − sin θ) 23 (4.34)
where the last equality is given from (4.32). By using these last three equations, (4.32),
(4.33) and (4.34), one can derive important analytical values and expressions:
Linear regime
When z ≫ 1, then θ ≪ 1, and thus ∆ ≈ ∆lin. (4.35)
Deviation from linearity
When θ =
(
π
2
)
, then ∆lin ≈ 0.341, but ∆ ≈ 0.466, at
z ≈ 1.761∆i(1 + zi)− 1 = 2.934∆lin,0 − 1.
Here the actual density contrast ∆ is about 40% higher.
(4.36)
The nonlinearity point
When θ =
(
2π
3
)
, then ∆lin ≈ 0.568, but ∆ ≈ 1.012 ≈ 1, at
z ≈ 1.056∆i(1 + zi)− 1 = 1.760∆lin,0 − 1.
∆ ≈ 1 is interpreted as the transition point to nonlinearity.
(4.37)
The turnaround point
When θ = π, then ∆lin ≈ 1.062409652, but ∆ ≈ 4.551652476, at
z ≈ 0.564753905∆i(1 + zi)− 1 = 0.941256509∆lin,0 − 1.
The sphere reaches its maximum radius R = Rta of expansion,
which is R(θ = π) ≡ Rta = Ri∆i =
3ri
5∆lin,0
from (4.22).
This is called the turnaround point.
(4.38)
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Note that the reason for all the numbers in use after the decimal point is to get as
close to the analytical values as possible. Then when these values are compared with
their corresponding numerical values the comparison will be as precise as possible. See
appendix C for details.
The box (4.38) contains particular important information and corresponds to the epoch
of turnaround, and some more explanation is appropriate. If for example the initial
density contrast is ∆i ≈ 3 · 10−3 at the corresponding initial redshift zi ≈ 1100, such a
perturbation would have turned around at z = zta ≈ 0.565∆i(1 + zi) − 1 = 0.565 · 3 ·
10−3 · (1 + 1100) − 1 ≈ 0.866. The actual density contrast, i.e. the nonlinear density
contrast ∆, is here given as ∆ ≈ 4.5517. This shows that the sphere at turnaround is
nearly six times denser than the background universe, i.e. ρsρb = 1+∆ = 1+4.552 ≈ 6.
Note also how far of the linear prediction ∆lin is from the actual value of the density
contrast.
The time tvir is essentially the time corresponding to θ = 2π. Thus, it no longer makes
sense of ﬁnding the nonlinear density contrast ∆ by using the equation (4.33), because
∆(θ = 2π) = ∞. But still, ∆(tvir) ≡ ∆vir can be determined, by ﬁrst expressing the
sphere’s homogeneous density ρs(tvir) at virialization and then exploiting (4.29) so that
ρs(tvir) =
Ms
Vvir
=
Ms
4
3πR
3
vir
=
Ms
4
3π
(
Rta
2
)3 = 8 · Ms4
3πR
3
ta
= 8
Ms
Vta
= 8ρs(tta) (4.39)
where V (tvir) ≡ Vvir and V (tta) ≡ Vta are the sphere’s volume at virialization and at
turnaround, respectively. Now, from (4.38), ∆(tta) ≈ 4.551652476 and thus
ρs(tta)− ρb(tta)
ρb(tta)
≡ ∆(tta) = ρs(tta)
ρb(tta)
− 1 = 4.551652476
⇔ ρs(tta) = 5.551652476ρb(tta)
(4.40)
Then an expression for the background density at turnaround ρb(tta) is needed,
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ρb(tta) =
ρb0
a3ta
and ρb(tvir) =
ρb0
a3vir
gives
ρb(tta) =
ρb(tvir)a
3
vir
a3ta
= ρb(tvir)
(1 + zta)
3
(1 + zvir)3
(4.41)
and the fraction here is a constant from equation (4.32) because
(1 + zta) =
5
3
(4
3
) 2
3 ∆lin,0
(π − sin(π)) 23
≈ 0.941256509∆lin,0
(1 + zvir) =
5
3
(4
3
) 2
3 ∆lin,0
(2π − sin(2π)) 23
≈ 0.592954444∆lin,0
−→ (1 + zta)
3
(1 + zvir)3
≈ 4.000000011
(4.42)
Now, substituting (4.42), (4.41) and (4.40) in (4.39) gives
ρs(tvir) = 8 · 5.551652476ρb(tta) = 8 · 5.551652476 · ρb(tvir) (1 + zta)
3
(1 + zvir)3
= 8 · 5.551652476 · ρb(tvir) · 4.000000011
⇒ ρs(tvir)
ρb(tvir)
≈ 177.6528797 ⇒ ρs(tvir)
ρb(tvir)
− 1 ≈ 176.6528797
⇔ ρs(tvir)− ρb(tvir)
ρb(tvir)
≡ ∆(tvir) ≈ 176.6528797
(4.43)
Again, by using the equations (4.32), (4.33) and (4.34), one can derive the following im-
portant analytical values and expressions for the virialization point which corresponds
to θ = 2π:
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The virialization point
When θ = 2π, then ∆lin ≈ 1.6864702 and ∆ ≈ 176.6528797 at
z ≈ 0.355772667∆i(1 + zi)− 1 = 0.592954444∆lin,0 − 1.
The sphere reaches its virial radius R = R(θ = 2π) ≡ Rvir = 12Rta
from (4.23), where Rta =
Ri
∆i
= 3ri5∆lin,0 from (4.38).
This is called the virialization point.
(4.44)
The ﬁve boxes, (4.35), (4.36), (4.37), (4.38) and (4.44), contains the essential analyt-
ical values and analytical expressions for the spherical collapse model inside the EdS
universe.
In the following two chapters 5 and 6 the focus will be on three of the values now derived
which is the density contrast ∆ = ∆ta at turnaround, the density contrast ∆ = ∆vir
at virialization, and the radius at virialization given as Rvir/Rta.
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4.5 Chapter Summary
In section 3.3 the spherical collapse model was introduced and derived in general. Then
in section 4.1 this model got speciﬁed for the EdS universe, and a set of equations for
describing the evolution of each shell of the sphere was derived from the general equa-
tions in section 3.3. These speciﬁed equations was given in the box (4.7). So forth in
section 4.2 a simpliﬁcation of the spherical collapse model for the EdS universe were
made. It was required that the whole sphere was homogeneous at all times, and a set
of new equations (4.22) describing its evolution was derived. In section 4.3 the virial
theorem for the sphere in the EdS universe were introduced and it was derived that the
sphere’s radius at virialization is half of its radius at the epoch of turnaround. Then
in subsection 4.3.1 a virialization condition was derived. It was a mechanism to halt
the collapse. It implicitly gave the correct virialization radius and it was stated that
this condition was used in the code. Finally in section 4.4 central analytical values for
the spherical collapse model in the EdS universe were derived, and the importance of
these in conjunction with numerical simulations was pointed out.
Now the whole theoretical framework for the spherical collapse model describing the
evolution of a homogeneous spherical overdensity in the EdS universe has been intro-
duced and derived. The task for the code in the following chapters will be to reproduce
this model correctly, and then based on this, also be able to get modiﬁed correctly so
to simulate spherical collapse in the other types of universe models considered in this
thesis. Note that in the appendix B all the implemented Friedmann equations which
the code uses to simulate these models are presented and derived, and in the appendix
C a veriﬁcation that the code are able to simulate the analytical values relevant for this
thesis is shown.
To end this chapter, from the simulations are two plots shown in ﬁgure 4.1 with the
purpose of illustrating spherical collapse in the EdS universe for diﬀerent values of
initial density contrasts ∆(t = ti) ≡ ∆i ≪ 1, which are “planted” at the initial redshift
z(t = ti) ≡ zi = 1100 and then starts to evolve. It shows how the evolving spheres
with time (i.e. when approaching z = 0) starts to disentangle from the expanding
background, then halt their expansion completely at the epoch of turnaround, and
ﬁnally collapse towards its center (i.e. as → 0). A closer explanation is given in the
ﬁgure text.
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Figure 4.1: Spherical collapses in the EdS universe for initial density perturbations correspond-
ing to diﬀerent initial density contrasts ∆i which starts their evolution at an initial redshift
zi = 1100. Note that these two plots are the same, but given in two diﬀerent redshift intervals.
Also note that they both only shows the last part of the evolutions, i.e. from z = 15 and z = 1,
respectively. However, one sees, especially from the top plot, that the perturbed spheres ex-
pands closer to the background as further back in time (i.e. increasing redshifts z) one consider.
This is to be expected because the spheres has the same initial expansion rate a˙s(ti) as the
expansion rate a˙(ti) of the background universe at the same time ti, i.e. a˙(ti) = a˙s(ti). In the
interval approximately z ∈ [0, 2], eight of the strongest perturbed spheres, i.e. those with the
strongest initial density contrasts ∆i, reaches turnaround and starts to collapse, i.e. as → 0.
The rest do not reach turnaround and starts to collapse because they have not been able to
generate a suﬃciently gravitational potential given by a high enough density ρs (i.e. CDM
density).
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Chapter 5
Spherical Collapse in the
ΛCDM Universe Model
The ΛCDM universe model was presented in subsection 2.2.9. It was mentioned that
observational data indicates that approximately 70% of the Universe consist of dark en-
ergy, named the cosmological constant Λ, and the rest is approximately 30% CDM. Λ is
considered to have a signiﬁcant diﬀerent nature than CDM and is yet to be understood.
One of its eﬀects is that the Universe have had an accelerated expansion for approxim-
ately the last 3.7 billion years and which is consistent with observations. In section 2.2.8
the EdS universe model was presented and by comparing it with the ΛCDM model one
realize that there are several signiﬁcantly diﬀerent properties between these two mod-
els, such as their diﬀerences in energy contents and their diﬀerent expansion history. In
section 2.2.6 it was pointed out that one needs to know all the energy contents of the
Universe to be able to describe how it evolves. With these three sections in mind one
should expect to see some diﬀerent results of how the spherical collapse model evolves
in the ΛCDM universe compared to its evolution in the EdS universe.
In this chapter it will be shown how a spherical collapse evolves in the ΛCDM universe,
and then compare this result to a similar spherical collapse in the EdS universe.
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5.1 Dynamics in the ΛCDM Universe Model
In the appendix B.1, an equivalent form of the two Friedmann equations (2.60) and
(2.61) from section 2.2.6 is derived for the ΛCDM universe model. These are (B.18)
and (B.19) and are reproduced here:
a˙2
a2
=
8πG
3
ρ (5.1)
a¨
a
= −4πG
3
(
ρ+
3p
c2
)
(5.2)
where
ρ = ρm + ρΛ ≡ ρm0a−3 + ρΛ0 and p = pm + pΛ ≡ 0 + (−ρΛ0c2) (5.3)
The second Friedmann equation (5.2) shows an additional term on the RHS compared
to the corresponding Friedmann equation (B.2) for the EdS universe model. When
substituting the expression for the pressure p in (5.3) it is easy to see that the pressure
p = pΛ = −c2ρΛ0, generated by the density ρ = ρΛ = ρΛ0 of the cosmological constant,
contributes with a positive term to the acceleration of the scalefactor a¨. Explicitly this
is given as
a¨
a
= −4πG
3
(
ρm + ρΛ0 +
3
c2
(−ρΛ0c2)
)
= −4πG
3
(
ρm − 2ρΛ0
)
(5.4)
which implies that when ρΛ0 >
1
2ρm the expansion will have a positive acceleration,
i.e. a¨ > 0. This relation can be illustrated in the two plots (A.1) and (6.1) when
considering w = −1 and rewriting the two densities ρm and ρΛ0 to their respective
density parameters Ωm and ΩΛ. It appears that a¨ > 0 at a redshift z ≤ 0.67.
With only this information of the background universe one can do some speculations
on how a sphere would evolve from an initial time t0, corresponding to an initial red-
shift zi = 1100, in this universe compared to the same situation in the EdS universe.
Intuitively one should expect that a sphere evolving in the ΛCDM universe would need
more time to collapse than an identical sphere in the EdS universe. That is because
the accelerated expansion which the ΛCDM universe have had for the last ∼ 3.7 billion
years (i.e. since z ≈ 0.67) should have a sort of braking eﬀect on the collapse and thus
work against the spheres’ force of gravity.
These two situations have been simulated by the code. The evolution of twenty diﬀerent
initial density contrasts ∆i ∈ [10−5, 9 · 10−5] has been described from an initial time
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corresponding to the redshift zi = 1100. Their evolution is illustrated in ﬁgure 5.1
below where the top plot shows the evolutions in the EdS universe and the bottom plot
shows the evolutions of the same initial density contrasts in the ΛCDM universe. The
plots in ﬁgure 5.1 has then been analyzed further in the ﬁgures 5.2, 5.3, and 5.4. These
will be discussed in the following.
Figure 5.1 reinforces the resent speculation. It shows that any density contrasts ∆i
evolving in the ΛCDM universe will need more time to collapse compared to the same
density contrast evolving in the EdS universe. For example the greatest density contrast
∆i = 5 · 10−3 will collapse (i.e. reach as = 0) approximately at a redshift z ≈ 1 in
the EdS universe, but the same density contrast evolving in the ΛCDM universe will
collapse at z ≈ 0.8. This means it needs more time to collapse because it reaches
as = 0 closer to z = 0 (which corresponds to the present time t0). Another example to
consider is the initial density contrast ∆i = 3 · 10−3. Its evolution in the EdS universe
ends with a collapse at z ≈ 0.2 but the same density contrast evolving in the ΛCDM
universe has not yet reached collapse at present time t0 (i.e. z = 0).
Figure 5.2 shows these collapses in more details by zooming into the redshift interval
z ∈ [0, 1] and only include the strongest part of the initial density contrasts, i.e. ∆i ∈
[1.00 · 10−3, 5.00 · 10−3 ]. Thus, the top plot is the same plot as in ﬁgure 5.1 but zoomed
into the interval z ∈ [0, 1], only ∆i ∈ [1.00 · 10−3 , 5.00 · 10−3 ] are included, and the lines
from both the EdS and the ΛCDM universe is in it. This makes it is easier to compare.
The bottom plot shows the percentage deviations of the corresponding collapses of
these particular ∆i in the EdS and ΛCDM universe so to also quantify the deviations.
Note that most of these percentage deviations blows up on the y-axis because the scale
factors of the spheres in the EdS universe always reaches zero before their corresponding
scale factors in the ΛCDM universe (i.e. one ends up dividing with zero). In the top
plot two equal initial density contrasts ∆i in each of the universe models share the
same color but has a diﬀerent line styles. An example of how to read this top plot is:
The density contrast ∆i = 3 · 10−3 (also considered in ﬁgure 5.1) has black color. One
sees that for the one evolving in the EdS universe (dotted line) it reaches collapse at
the redshift z ≈ 0.18, and the one evolving in the ΛCDM universe has not yet reached
collapse at present time (i.e. z = 0). That is, at z = 0 the sphere corresponding to this
density contrast in the ΛCDM universe has a scalefactor as ≈ 0.23, i.e. it is about 23%
of the scalefactor a of the background ΛCDM universe. In the bottom plot (of ﬁgure
5.2) one can follow the increasing deviation of these two equal initial density contrasts
(the black graph) and one realize that in this redshift interval the diﬀerence between
these two are signiﬁcant. For example, at the redshift z ≈ 0.5, the scalefactor of the
sphere evolving in the ΛCDM model is about 19% bigger than the corresponding sphere
evolving in the EdS universe.
Figure 5.3: The same considerations as done in ﬁgure 5.2 with the strongest part of the
∆i can be done with the weakest part of the ∆i as shown in ﬁgure 5.3. In ﬁgure 5.1
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it is hard to see if there are any deviations of the similar spheres evolving in each of
their models when these spheres corresponds to the weakest part of the initial density
contrasts ∆i ∈ [1.00 · 10−5, 9.00 · 10−5]. If there are any deviations then of course they
would be smaller than the ones considered in ﬁgure 5.2. To be able to separate the
graphs for these weak density contrasts it was necessary to zoom in to a redshift interval
of approximately z ∈ [0, 0.33] and a scalefactor interval of a ∈ [0.75, 1.00]. The results
are shown in ﬁgure 5.3. To avoid the same explanation again, as done for ﬁgure 5.2,
it should be suﬃcient to say that the same explanation goes for this ﬁgure. The top
plot shows deviations, but they are much less signiﬁcant than what was shown in ﬁgure
5.2. This appears also clearly in the bottom plot which for example shows that ’the
strongest of the weakest’ initial density contrast ∆i = 9 · 10−5 corresponds to a sphere
with a scalefactor as only about 0.46% bigger than the scalefactor of the sphere of the
same ∆i evolving in the EdS universe. So this indicates that the same weak initial
density contrasts evolving in the two considered universe models basically has the same
scalefactor as as the background scalefactor a. This is no surprise because spheres with
densities close to the background density is not able to put up a gravitational potential
that generates a signiﬁcant gravitational force making the sphere to collapse in on itself.
Figure 5.4 shows the evolution of the last part of the collection of initial density con-
trasts ∆i from ﬁgure 5.1. This part is the intermediate part of the ∆i shown in the
ﬁgures 5.2 and 5.3. The top plot (in ﬁgure 5.4) has the same zoom as ﬁgure 5.2. It
shows no ﬁnal collapses (i.e. no as = 0) but indicates greater deviations of two equal
∆i evolving in each their universe model when compared to the top plot of ﬁgure 5.3.
For example, by considering the ’strongest of these intermediate density contrasts’, i.e.
∆i = 9 · 10−4, one sees in the top plot that it collapses the most in the EdS universe.
The bottom plot shows that at present time (i.e. z = 0) the scalefactor of this particular
density contrast (black color) has a scalefactor as about 6.7% greater in the ΛCDM
universe than its corresponding density contrast in the EdS universe. So the same eﬀect
applies here as in the consideration of the two other ﬁgures 5.2 and 5.3, which shows
the evolution of greater and smaller ∆i, respectively.
Before going further in this discussion of spherical collapse in the ΛCDM universe, a
way to know how and when these spherical systems virializes is needed. This is the
subject for the next section 5.2.
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Figure 5.1: The evolution of twenty diﬀerent initial density contrasts ∆i ∈ [10−5, 5 · 10−3]
shown over the redshift interval z ∈ [0, 15]. The top plot is in the EdS universe and the bottom
plot is in the ΛCDM universe. Note that the evolution of ∆i ∈ [10−5, 9 · 10−5] can hardly
be seen because their evolution is close to equal to the evolution of the background universes.
This is because these spheres’ gravitational potential, generated by the additional perturbed
densities, are too small to put up a gravitational force which can dominate over the expanding
background universe. Also note that the collapse has only been shown over the redshift interval
z ∈ [0, 15] because as closer the description reach zi = 1100 the more closer are all of the
spheres’ evolutions to the background universe. Both plots shows this trend. A third thing to
be aware of is that the evolutions of the two background universes appear to be identical. This
is not the case but the reason it is so here is because their scale factors are here functions of
the redshift z and not cosmic time t. So both are given as a = 1
1+z
.
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Figure 5.2: Top plot: This is the same plot as in ﬁgure 5.1 but with some changes. It is
zoomed in to the redshift interval z ∈ [0, 1], only the strongest initial density contrast ∆i ∈
[1.00·10−3, 5.00·10−3] are included, and the lines of these ∆i from both the EdS and the ΛCDM
universe are included. This makes it easier to compare two equal initial density contrasts ∆i
evolving in each of the universe models. One speciﬁc ∆i in each universe has the same color,
but their line style are diﬀerent (i.e. dotted or dashed). Bottom plot: It shows the percentage
deviations between two equal initial density contrasts evolving in each of the two diﬀerent
models. That is, it represents how much, in percent, the scalefactor of a sphere deviates in the
ΛCDM universe compared to the corresponding scalefactor of a sphere that evolves in the EdS
universe. Note that the colors here represents the same ∆i as in the top plot.
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Figure 5.3: The same explanation applies here as given in the text of ﬁgure 5.2. The diﬀerence
is the closer zoom on both the x-axis and the y-axis because here is weaker initial density
contrasts ∆i in considerations. One sees that all of these spheres (i.e. the evolving density
contrasts) evolves almost equal to the background, something which is quite diﬀerent from
what was shown in the plots of ﬁgure 5.2. Top plot: It shows small deviations of the scale
factors as for the evolving density contrasts in the EdS and the ΛCDM background universe.
Bottom plot: It shows the percentage diﬀerences of the deviations from the top plot. Note that
it shows the deviations for z ∈ [0, 1] even though the top plot is only given for approximately
z ∈ [0, 0.33].
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Figure 5.4: As said in the ﬁgure text of ﬁgure 5.3, the same explanation applies here as given
in the ﬁgure text of ﬁgure 5.2. The only diﬀerence, compared to ﬁgure 5.2, is the weaker initial
density contrasts ∆i in considerations. Top plot: It shows the small deviations of the scale
factors as for the evolving initial density contrasts ∆i in the EdS and the ΛCDM background
universe. Bottom plot: It shows the percentage diﬀerences of these deviations from the top
plot. One sees that the results here lies in between the results of the bottom plots in the ﬁgures
5.2 and 5.3.
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5.2 Virialization Condition
Compared to the EdS model, the ΛCDM model consist of one more energy component,
namely the cosmological constant Λ. Because it is a true constant, its only contribution
to the dynamics of the CDM inside the sphere (beside accelerating the background
universe when z < 0.67) is that it sets up an extra potential UΛ ’felt’ by the CDM.
Thus, in addition to the CDM’s own gravitational potential Um, it is also submerged
in a potential ﬁeld UΛ generated by Λ.
The gravitational potential energy Um generated by the CDM itself was introduced in
the equation (4.24) in section 4.3 and reproduced here:
Um = −3
5
GM2s
R
(5.5)
In the article [2] by Lahav and Lilje et al. the Tolman-Bondi equation for ’the energy ǫ
per unit mass for a shell enclosing the mass m’ was considered in the case of a universe
with Λ. This equation is reproduced here as
ǫ =
1
2
R˙2 − GMs
R
− c
2
6
ΛR2 (5.6)
where G is the gravitational constant, and R is the physical radius of a particular shell.
Note that as stated in section 4.2, in this thesis it represents the physical radius of
the total sphere. Therefore also note that ’m’ which was explained just prior to the
equation, has been rewritten to m =Ms which represents the total mass of the sphere.
This equation shows that the classical potential φm = −GMsR has been modiﬁed by an
extra potential term1 φΛ = − c26 ΛR2.
Now, to derive the additional part UΛ of the potential energy of the CDM generated
by the potential φΛ, this term needs to be integrated over a sphere. Thus
UΛ =
Ms
V
∫
φΛdV =
3Ms
4πR3
∫ R
0
(
− c
2
6
ΛR′2
)
4πR′2dR′ = −c
2
2
MsΛ
R3
R5
5
⇐⇒ UΛ = − c
2
10
MsΛR
2 (5.7)
1Note that the light speed c has been included explicit so that all four terms in the equation is
consistent with the dimension m
2
s2
.
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The additional potential energy UΛ is derived and then a crucial thing to realize is that
the virialization theorem (4.23) needs to be modiﬁed. It needs to include UΛ and thus
the virialization theorem for the ΛCDM universe model says2
K = −1
2
Um + UΛ (5.8)
Now that both of the potentials for the ΛCDM universe are given, (5.5) and (5.7), and
the virialization theorem has been modiﬁed, the speciﬁc virialization condition for this
model can be derived. Note that in this derivation, the sphere’s scalefactor as has been
used instead of its physical radius R.
Energy conservation (4.27) =⇒ K(as,ta) + U(as,ta) = E(as,ta) < 0
where K is the kinetic energy (4.26) and U(as,ta) = Um(as,ta) + UΛ(as,ta) is the
total potential energy and as,ta is the scalefactor of the sphere at turnaround.
At turnaround, K = K(as,ta) = 0, and thus E(as,ta) = Um(as,ta) + UΛ(as,ta).
Modiﬁed virialization theorem (5.8): K(as,vir) = −1
2
Um(as,vir) + UΛ(as,vir)
where as,vir is the sphere’s scalefactor at virialization. Thus, at virialization
E(as,vir) = K(as,vir) + Um(as,vir) + UΛ(as,vir) =
1
2
Um(as,vir) + 2UΛ(as,vir)
Energy conservation (4.27) then implies E(as,ta) = E(as,vir) =⇒
1
2
Um(as,vir) + 2UΛ(as,vir) = Um(as,ta) + UΛ(as,ta)
(5.9)
which is the virialization condition in the ΛCDM universe3.
2[2] p. 134.
3As used in [2].
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An important thing to note about this virialization condition is that it is based on
the properties imposed to the cosmological constant Λ. In the ΛCDM model the dark
energy (i.e. Λ) is considered to be passive. That means, as already said, its inﬂuence on
how the sphere and the background universe evolves is by setting up an extra potential
φΛ that the CDM ’feels’. Though for example if the dark energy could be considered
as particles and which interacted with the CDM, it would be reasonable to consider
it to participate in the virialization process. This implies that the dark energy have
a dynamical nature and is not passive. It would thus call for a modiﬁcation of the
virialization condition (5.9). Then a particular sphere would evolve diﬀerently than
what it would have if the dark energy had a passive nature. That is, its radius and
density at virialization etc. would most likely have been diﬀerent. This is something
that will be studied in chapter 6.
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5.3 Numerical Simulations
In section 5.1 the dynamics of diﬀerent evolving spheres, with diﬀerent initial density
contrasts ∆i, was studied inside the ΛCDM universe. It was considered how they
behaved diﬀerently from corresponding spheres which evolved inside the EdS universe.
It was pointed out several important diﬀerences in the spheres scale factors as within the
redshift interval under consideration. That is, the scale factors of the spheres evolving
in a ΛCDM universe was always greater than its corresponding similar spheres which
evolved inside the EdS universe. For redshifts z > 1 it appeared that all of these
spheres evolved increasingly similar to the background universe as z → 1100. Then in
section 5.2 the virialization condition (5.9) for spheres evolving in the ΛCDM universe
was derived. It was explained that this virialization condition was based on certain
characteristic properties which the cosmological constant Λ is perceived to have. With
these two sections in mind it should be possible to interpret, to a certain extent, the
numerical data generated by the code when this gets simulated. The simulations are
presented in ﬁgure 5.5 and 5.6.
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Figure 5.5: The density contrast ∆ta at turnaround simulated for a spherical collapse in the
EdS and the ΛCDM universe.
Figure 5.5
This plot shows the simulation of the density contrast ∆ta at turnaround over a redshift
interval zta ∈ [0, 15] for spherical collapse in the EdS and the ΛCDM universe. For the
EdS universe one sees that the code simulates the correct constant value of ∆ta, i.e.
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∆ta = ∆ta(EdS) ≈ 4.55 as stated in (4.38). This has also been pointed out in the
appendix C.
The red line represents the density contrast simulated in the ΛCDM universe and it
behaves quite diﬀerently for small redshifts zta. The ﬁrst to note is that it appear to
move toward the same ∆ta as for the EdS universe when zta → 1100. This makes sense
based on the fact that the ΛCDM universe is basically equal to the EdS universe at
high redshifts. That is because then the density ρm ∝ a−3 of the CDM dominates fully
over the constant density ρΛ of the cosmological constant Λ and thus it can be neglected.
The reason why the density contrast ∆ta = ∆ta(ΛCDM) in the ΛCDM universe gets
weaker when the redshift zta goes towards zero seems to have an intuitive explanation.
That is, if the turnaround radius gets bigger, then the CDM density ρm,s inside the
sphere gets smaller, and therefore the density contrast ∆ta also needs to be weaker. But
one must be careful when interpreting density contrasts because there exists more than
one way of deﬁning it. The general deﬁnition of the density contrast was introduced
in (3.1). By ﬁrst starting with the density contrast ∆ = ∆(EdS) in the EdS universe
this deﬁnition implies (at turnaround)
∆ta(EdS) ≡ ρs − ρ
ρ
=
ρm,s,init
(as,init
as,ta
)3 − ρm0a−3ta
ρm0a
−3
ta
=
ρm,s,init
(as,init
as,ta
)3
ρm0a
−3
ta
− 1 (5.10)
where ρs is the density of the sphere, ρ is the background density, ρm,s,init is the initial
CDM density of the sphere, as,init is the initial scale factor of the sphere, as,ta is the
scale factor of the sphere at turnaround, ρm,s,init
(as,init
as,ta
)3
= ρm,s,ta is the sphere’s CDM
density at turnaround, ρm0 is the CDM density of the background at present, and ata
is the background scale factor when the sphere reach turnaround.
However in the ΛCDM universe one can choose to include or not include the density
ρΛ of Λ in the deﬁnition and this has big consequences of how the density contrast
∆ = ∆(ΛCDM) behaves in plots. The deﬁnition selected for this thesis is
∆ta(ΛCDM) ≡ ρs − ρ
ρ
=
(ρm,s,init
(as,init
as,ta
)3
+ ρΛ)− (ρm0a−3ta + ρΛ)
ρm0a
−3
ta + ρΛ
=
ρm,s,init
(as,init
as,ta
)3
+ ρΛ
ρm0a
−3
ta + ρΛ
− 1
(5.11)
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where ρ is the total background density, ρs is the total density of the sphere, ρm,s,init is
the initial CDM density of the sphere, ρm,s,init
(as,init
as,ta
)3
= ρm,s,ta is the sphere’s CDM
density at turnaround, as,ta is the scale scactor of the sphere at turnaround, ρm0 is the
density of the background CDM at present, ata is the background scale factor when the
sphere reach turnaround, and ρΛ = constant is the density of the cosmological constant.
Another thing to note is that ρm0 are not equal in the EdS and ΛCDM universe. That
is because the density parameter Ω at present and any other time in the EdS uni-
verse is Ω = Ωm = Ωm0 = 1 for CDM, but in the ΛCDM universe Ωm0 = 0.3 and
ΩΛ0 = 0.7 at present. Then by recalling the critical density ρc0 from (2.67) one realize
that ρm0ρc0 = Ωm0 ⇒ ρm0 = ρc0 for the EdS universe, but ρm0 = 0.3ρc0 in the ΛCDM
universe.
Also both as,ta and ata is aﬀected diﬀerently by the accelerated expansion compared
to the same ones in the EdS universe so there are many things to take into considera-
tion when comparing ∆ta(EdS) and ∆ta(ΛCDM). I will leave the interpretation with
these two expressions (5.10) and (6.36), and their explanation and trust the simulation.
Figure 5.6 - top plot
This plot shows the virialization radius, given as Rvir/Rta, is simulated for the EdS
and the ΛCDM universe. For the EdS universe one sees that the code simulates Rvir
as it should because, as stated in (4.44), Rvir/Rta = 0.5 is the analytical value.
For the ΛCDM universe one sees again that it behaves in the same way as the EdS
universe when zvir → 1100 for the same reasons as stated about ﬁgure 5.5. By consider-
ing the virialization condition (5.9) together with the expression (5.7) for the potential
energy UΛ of Λ one also realize that it can be neglected compared to the potential
energy (5.5) of CDM when zvir → 1100 because then R ∝ as → 0 and the virialization
condition (5.9) is reduced to the virialization condition (4.28) for the EdS universe.
To explain why Rvir/Rta < 0.5 when zvir moves towards zero one needs to take two
things into consideration. The ﬁrst one is that Rta is in general greater in the ΛCDM
universe and then contributes to reduce Rvir/Rta. The second is that, by looking at
the virialization condition (5.9), one realize that Rvir for Um on the LHS needs to get
smaller than in the EdS universe to compensate for the UΛ term on the RHS. That is,
the sphere in the ΛCDM universe needs to collapse longer towards its center to achieve
virialization for approximately zvir ∈ [0, 10] which is what this plot shows.
Figure 5.6 - bottom plot
Before starting with the interpretation there is one important thing to note about this
plot. In section 4.4 the analytical values for parameters regarding the spherical collapse
model in the EdS universe was derived and in the box (4.44) the analytical value for
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the density contrast ∆ at virialization was derived to be ∆ ≈ 176.65. Still there exists
another constant analytical value also referring to the density contrast ∆. This value4
is ∆ = ∆vir(EdS) ≈ 145.84 and will through the rest of the thesis be related to the
constant analytical value of ∆vir in the EdS universe. It is only a matter of deﬁnition.
This exchange has its origin from a problem in the program code, not intended to go
into here.
Now, the bottom plot of ﬁgure 5.6 shows the density contrast ∆vir at virialization. One
sees that the code simulates the correct density contrast for the EdS, that is ≈ 145.84.
The density contrast ∆vir = ∆vir(ΛCDM) for the ΛCDM universe might appear to be
wrong. Because intuitively a smaller Rvir should mean a higher density ρs of the sphere
and thus a stronger density contrast ∆vir(ΛCDM) (compared with the EdS universe).
As for ﬁgure 5.5, one needs to be careful when interpreting this plot, so one should
instead look at the two expressions which deﬁnes these two quantities and which has
the same form as (5.10) and (5.11). They are given as
∆vir(EdS) =
ρm,s,init
(as,init
as,vir
)3 − ρm0a−3vir
ρm0a
−3
vir
=
ρm,s,init
(as,init
as,vir
)3
ρmoa
−3
vir
− 1 (5.12)
and
∆vir(ΛCDM) =
(ρm,s,init
(as,init
as,vir
)3
+ ρΛ)− (ρm0a−3vir + ρΛ)
ρm0a
−3
vir + ρΛ
=
ρm,s,init
(as,init
as,vir
)3
+ ρΛ
ρm0a
−3
vir + ρΛ
− 1
(5.13)
The quantities are the same as for (5.10) and (5.11), except for the scale factors which
now are given at virialization, a = avir and as = as,vir. Again there are many things to
take into consideration so I will leave the interpretation with these two last expressions
for the density contrasts and trust the simulation.
4For a closer explanation see John A. Peacock [14] p. 489.
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Figure 5.6: Top plot: The radius given as Rvir/Rta at virialization simulated for a spherical
collapse in the EdS and the ΛCDM universe. Bottom plot: The density contrast ∆vir at
virialization simulated for a spherical collapse in the EdS and the ΛCDM universe.
Chapter 6
Spherical Collapse in
Dark Energy Universe Models
This chapter will have the same structure as chapter 5. It begins with a section that
studies only the dynamics of the sphere, i.e. without any virial conditions to halt
the collapse. This will be done in several types of dark energy models which will be
compared with each other, and also compared with the same situations in the ΛCDM
model. In the next section three new types of virialization conditions will be introduced
and derived. These conditions takes into account diﬀerent types of imposed properties
to the dark energy component. In the third section these new virial conditions are
included in the spherical collapse simulation inside many diﬀerent dark energy models
with a constant equation of state. These simulations are presented in plots and one
realizes that the diﬀerent types of properties imposed to the dark energy have signiﬁcant
impact to the evolution of the spherical collapse.
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6.1 Dynamics in Dark Energy Universe Models
The Friedmann equations for universe models which includes certain types of dark
energy components X is given in the appendix B.1. These types of dark energies are
characterized by constant values of −1 < w < 0 in the models’ equation of state. The
equations (B.29), (B.30) and (B.31), implies
a˙2
a2
=
8πG
3
(
ρm + ρX
)
(6.1)
a¨
a
= −4πG
3
(
ρm + (1 + 3w)ρX
)
(6.2)
ρm = ρm0a
−3 and ρX = ρX0a
−3(1+w) (6.3)
where ρm0 and ρX0 are the densities of CDM and X, respectively, at present time.
As noted in the appendix B.1.3, for w = −1, these two Friedmann equations gives the
same Friedmann equations (B.18) and (B.19) which describes the ΛCDM universe. Not
mentioned is that, for w = 0, they also gives the Friedmann equations (B.4) and (B.5)
for the EdS universe because then X behaves equal as CDM and ’adds itself to’ CDM
such that ρm + ρX = ρm0a
−3 + ρX0a
−3(1+0) −→ ρm. A third thing to note is that,
when considering (6.2), the second term on the RHS contributes with a positive value
to a¨ only for w < −13 . Thus to simulate a universe model which achieve a positive
accelerated expansion at some time before present (or in the future) its equation of
state needs to have w < −13 .
In section (5.1), the dynamics of the ΛCDM universe where discussed, and some of its
eﬀects on collapsing spheres where considered and compared with similar collapsing
spheres in the EdS universe. Because the ΛCDM universe have had an accelerating
expansion for the last 3.7 billion years, it was speculated that a sphere evolving in this
universe should need more time to collapse than its corresponding collapsing sphere
evolving in the EdS universe. This was later shown to be supported by the numerical
data generated by the program code which simulated these two diﬀerent systems, and
the data was presented in the ﬁgures (5.1) and (5.2) etc.
One can now continue these speculations and ask how a sphere would behave within
a background universe, described by (6.1), (6.2) and (6.3), when w is still a constant
but somewhere in between the values −1 and 0. From the acceleration equation (6.2)
one realize that the expansion rate is fully dependent on the equation of state, i.e. the
value of w. Therefore, for a representative sample of these w-values, a relation between
a¨ and w are illustrated in ﬁgure 6.1 below. It shows how a¨ changes from an early time
corresponding to a redshift z = 1100 and until the present, i.e. at z = 0.
6.1 Dynamics in Dark Energy Universe Models 89
010020030040050060070080090010001100
−3
−2.5
−2
−1.5
−1
−0.5
0
x 10−30
a¨
z
EdS (blue) and w = 0 (magenta)
012345678910−9
−8
−7
−6
−5
−4
−3
−2
−1
0
x 10−35
a¨
z
EdS (blue) and w = 0 (magenta)
ΛCDM (red) and w = −1 (green)
w = −1/3 (black)
00.20.40.60.811.21.41.61.822.22.42.62.83
−3.5
−3
−2.5
−2
−1.5
−1
−0.5
0
x 10−35
a¨
z
w = −0.2666
w = −0.3000
w = −1/3 (black)
w = −0.2333
w = −0.2000
w = −0.1666
w = −0.1000
w = −0.3500
w = −0.0500
w = −0.0250
w = −0.0125EdS (blue) and w = 0 (magenta)
ΛCDM (red) and w = −1 (green)
w = −0.1333
w = −0.0750
w = −0.5000
w = −0.4000
w = −0.6000
w = −0.7000
w = −0.8000
w = −0.9000
Figure 6.1: Evolution of the expansion acceleration in the EdS model, ΛCDM model, and dark
energy models with -1 ≤ w ≤ 0. Note that in appendix A there is also a related ﬁgure A.1
showing the evolution of the energy density parameters for these universe models.
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Important to note about the many accelerations a¨ in ﬁgure (6.1) is that they obviously
evolves diﬀerently during this redshift interval z ∈ [0, 1100]. Particularly interesting is
it to compare these diﬀerent evolutions of a¨ with the acceleration a¨ = a¨Λ for the ΛCDM
universe represented by the red dashed line. It appears that the ΛCDM universe is the
ﬁrst model to get a positive acceleration (at z ≈ 0.67), and for the rest, only the models
with approximately −1 < w ≤ −0.5 gets a positive acceleration before present time
(z = 0). And as already stated, one also sees an indication that those a¨ corresponding
to w > −13 never will be positive. That is, the black line representing the a¨ for w = −13
appears to move asymptotically to zero in the future.
For the −1 < w ≤ −0.5 models it might be intuitive to conclude that spheres evolving
inside them must collapse faster than similar spheres in the ΛCDM universe since the
ΛCDM universe have had the longest ongoing positive acceleration, and therefore have
generated the longest ’breaking’ eﬀect, which thus retards the collapse the most. But
when studying ﬁgure 6.1 a bit closer, one sees that toward greater redshifts, all of the
a¨ of the universe models corresponding to −1 < w ≤ −0.5, has a greater a¨ than a¨Λ.
This can be seen for z ≈ 10 in the middle plot of the ﬁgure. So for z > 10 all these
now considered a¨’s have been greater than a¨Λ (not so easy to see from the top plot,
unfortunately) which then maybe have the eﬀect that a collapsing sphere still needs
longer time to collapse in these universe models, compared to a similar sphere in the
ΛCDM universe.
Another essential thing to take into consideration when describing how a particular
sphere evolves within a particular dark energy model is how the contents that constitute
the sphere behaves. For the density ρm,s of the CDM inside the sphere it has already
been stated that
ρm,s ∝ a−3s (6.4)
where as is the scalefactor of the sphere. For the dark energy X it is here considered to
be either homogeneous at all times, i.e. its density ρX,s inside the sphere only depends
on the scalefactor a of the background universe, or the X is fully clustering, which
means that the density of X inside the sphere depends on the scalefactor as of the
sphere in a speciﬁc way decided by the constant value of w. That is,
ρX,s ∝ a−3(1+w) for non-clustering X, or
ρX,s ∝ a−3(1+w)s when X is clustering.
(6.5)
With these statements (6.4) and (6.5) in mind, the expression of the acceleration a¨s of
the sphere’s scalefactor is important to understand. This equation is basically telling
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how the sphere shall evolve in a speciﬁc background universe model with some speciﬁc
properties of the dark energy. From the appendix B.1.3 (when not stated as a function
of the redshift z), a¨s is implied from (B.36) as
a¨s = −4πG
3
(
ρm,s + (1 + 3w)ρX,s
)
as (6.6)
where, more speciﬁcally,
ρm,s = ρm,s,init
(as,init
as
)3
(6.7)
and
ρX,s = ρX0a
−3(1+w) for non-clustering X, or
ρX,s = ρX,s,init
(as,init
as
)3(1+w)
when X is clustering.
(6.8)
Here ρX0 is the present density of the background dark energy, and ρX,s,init is dark
energy density inside the sphere at the initial time for the calculation of the sphere’s
evolution.
As for the background universe, when considering a¨s in (6.6) it is crucial to note that
for w < −13 the dark energy density ρX,s inside the sphere contributes with a positive
term. This can be interpreted as a form of pressure or vacuum energy etc. However,
the important thing here is that this eﬀect acts as an opposite force to gravity, i.e. it
works against the gravitational collapse of the sphere. Also important to note for the
w ∈ [−1, 0], is that as closer w is to zero, the faster the density ρX,s of the clustering
version of X, increases with decreasing as, as the equation in (6.8) shows. This implies
some kind of ’trade of’ between the values of w and ρX,s which one should be aware of
especially when one wish to explain those cases where ρX,s contributes with a positive
term in (6.6) and thus making the collapse go slower because of the additional force it
generates which works against the gravitational force.
6.1.1 Collapsing sphere with non-clustering dark energy
By ﬁrst consider the four plots in ﬁgure 6.2, where the dark energy is homogeneous, the
recent speculations, that sphere’s needs longer time to collapse in universe models with
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approximately −1 < w ≤ −0.5 compared with similar spheres in the ΛCDM universe
model, gets supported by the numerical data when simulating collapses in the three
diﬀerent background universe models for w = −0.8, w = −0.6 and w = −0.4. Note
that the trend continues for w > −0.5, even though a¨ for the w = −0.4 universe has
not reach a positive accelerated expansion at present time, as discussed in ﬁgure (6.1).
The reason for this is that the homogeneous dark energy density ρX,s inside the sphere
(which in this case only depends on the background) gets diluted by a slower rate than
the homogeneous dark energies in the w = −0.6 and w = −0.8 universes. Thus, because
ρX,s(w = −0.4) > ρX,s(w = −0.6) > ρX,s(w = −0.8) for any background scalefactor
a it means that ρX,s(w = −0.4) contributes with the greatest positive term on the
RHS of (6.6) and thus it generates the greatest outward pressure which slows down
the collapse the most. This means that the spheres with ρX,s(w = −0.4) is the ones
reaching as = 0 closest to z = 0, compared with the other considered spheres. This is
just what the last plot in ﬁgure 6.2 shows. Also note that all the spheres in the three
last plots in this ﬁgure collapses toward zero (as → 0) closer to z = 0 compared to the
corresponding spheres in the ΛCDM plot at the top.
To make a speciﬁc example, one can consider the more detailed ﬁgure 6.3 which basically
shows the same plots as ﬁgure 6.2, but the redshift interval has been zoomed in to
z ∈ [0, 1]. Note that the top plot in this ﬁgure 6.3 shows collapses for both the EdS and
the ΛCDM universe, and it only shows the lines which represents the strongest initially
perturbed spheres, i.e. ∆i ∈ [1 · 10−3, 5 · 10−3] because those are the most interesting.
One can start out by consider only the blue line in the ΛCDM plot which represents
the evolution of a sphere with the strongest initial density contrast ∆i = 5 · 10−3. This
sphere reaches as = 0 at z = zΛ ≈ 0.84. For the same sphere evolving in the w = −0.8
model it reaches as = 0 at z = z−0.8 ≈ 0.74. By doing the same inspections for the
last two plots one sees that the similar sphere reaches as = 0 at z = z−0.6 ≈ 0.54 for
the w = −0.6 model, and as = 0 at z = z−0.4 ≈ 0.075 for the w = −0.4 model. So the
relation is
zΛ(as = 0) > z−0.8(as =0) > z−0.6(as = 0) > z−0.4(as = 0)
⇐⇒
0.840 > 0.740 > 0.540 > 0.075
(6.9)
for when the similar collapses happens in the considered models. That is, at least for
universe models with −1 < w ≤ −0.4 and a passive dark energy component which now
have been simulated.
This example now performed can be applied for all the considered collapsing spheres
presented in the ﬁgures 6.2 and 6.3. That is, for those lines which by inspection are
possible to distinguish. All the plots shows the same set of initially perturbed spheres
which evolves in a speciﬁc way fully determined by the acceleration equation (6.6) which
again is fully dependent on the evolution of the speciﬁc background universe and also
how its energy content CDM and X evolves.
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Figure 6.2: The evolution of initial density contrasts ∆i ∈ [10−5, 5 · 10−3] over the redshift
interval z ∈ [0, 15] in dark energy models with w = −0.8, w = −0.6 and w = −0.4. The dark
energy is homogeneous and only dependent on the background, thus the energy within each of
these spheres is not conserved.
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Background universe: XCDM with w = -0.8
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Figure 6.3: The evolution of initial density contrasts ∆i ∈ [10−5, 5 · 10−3] over the redshift
interval z ∈ [0, 1] in dark energy models with w = −0.8, w = −0.6 and w = −0.4. The dark
energy is homogeneous and only dependent on the background, thus the energy within each of
these spheres is not conserved.
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6.1.2 Collapsing sphere with clustering dark energy
In this subsection ﬁgure 6.4 and 6.5 will be discussed. They show plots with some
other results than their similar plots in ﬁgure 6.2 and 6.3, i.e. they all collapse later.
The reason is that X in these situations is required to fully cluster inside the sphere as
described in (6.5). This means
ρX,s(clustering) > ρX,s(homogeneous) (6.10)
at any time in the sphere’s evolution. By considering the sphere’s acceleration equation
(6.6) again one realize that ρX,s(clustering) will contribute to a greater positive term
on the right side compared with ρX,s(homogeneous) when this comparing is done with
the same w < −13 .
To also make a speciﬁc example for this property of the dark energy, one can consider
the more detailed ﬁgure 6.5 within the redshift interval z ∈ [0, 1]. Again, start out
by consider only the blue line in the ΛCDM plot which represents the evolution of a
sphere with the strongest initial density contrast ∆i = 5 · 10−3. Its line reaches as = 0
at z = zΛ ≈ 0.84. For the same sphere evolving in the w = −0.8 model it reaches
as = 0 at z = z−0.8 ≈ 0.725. The same inspections for the last two plots shows that
the similar sphere reaches as = 0 at z = z−0.6 ≈ 0.465 for the w = −0.6 model, and it
have not yet reached as = 0 at present time for the w = −0.4 model. The relation is
zΛ(as = 0) > z−0.8(as =0) > z−0.6(as = 0) > z−0.4(as = 0)
⇐⇒
0.84 > 0.725 > 0.465 > z−0.4(as = 0)
(6.11)
where z−0.4(as = 0) < 0, i.e. the sphere in the w = −0.4 model reach as = 0 some time
in the future.
When comparing this relation (6.11) with the similar relation in (6.9) it becomes obvious
that clustering dark energy has the eﬀect of slowing down the evolution of collapsing
spheres in the types of cosmological ﬂuids now considered
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Figure 6.4: The evolution of initial density contrasts ∆i ∈ [10−5, 5 · 10−3] over the redshift
interval z ∈ [0, 15] in dark energy models with w = −0.8, w = −0.6 and w = −0.4. The
dark energy is fully clustering and dependent on the scalefactor of the sphere. Thus the energy
within each of these spheres is conserved.
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Background universe: XCDM with w = -0.8
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Background universe: XCDM with w = -0.6
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Background universe: XCDM with w = -0.4
Figure 6.5: The evolution of initial density contrasts ∆i ∈ [10−5, 5 · 10−3] over the redshift
interval z ∈ [0, 1] in dark energy models with w = −0.8, w = −0.6 and w = −0.4. The dark
energy is fully clustering and dependent on the scalefactor of the sphere. Thus the energy
within each of these spheres is conserved.
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6.2 Virialization Conditions
So far in this chapter’s discussion of dynamics in dark energy models - no mechanism
to stop the sphere’s collapse towards as = 0 have been considered. This mechanism
is handled by the virialization conditions and have already been derived for the EdS
universe (4.30) and for the ΛCDM universe (5.9). Because spherical collapse is now
considered in other types of universe models, new virialization conditions needs to be
introduced.
The virialization conditions depends on the speciﬁc backgrounds and the properties
being imposed to the dark energy. In this section, three diﬀerent virialization conditions
will be derived. The ﬁrst condition require the dark energy to be passive and non-
clustering, the second condition require the dark energy to be dynamical and clustering,
and the third condition require the dark energy to be dynamical and non-clustering.
6.2.1 Virialization condition for
passive and non-clustering dark energy
This virialization condition includes a passive dark energy component X with a density
ρX inside the sphere that is dependent on the evolution of the background. That is,
ρX ∝ a−3(1+w) where a is the scalefactor of the background universe. It is applied in
the article [4] by Horellou and Berge where also the potential energy UX associated
with X is given.
The Poisson equation, in spherical coordinates, with the pressure term pX = wρX , is
given as1
∇2ΦX = 1
r2
d
dr
(
r2
dΦX
dr
)
= 4πGρ = 4πG(ρX + 3pX)
⇐⇒ ∇2ΦX = 4πG(1 + 3w)ρX
(6.12)
where ΦX is the potential of X, R is the radius of the sphere, G is the gravitational
constant, and ρX is the density of the dark energy. By integration this yields
2
ΦX = (1 + 3w)ρX
2πG
3
R2 (6.13)
and then by using the same form of integration as in (5.7) done for UΛ, gives
1[8] p. 199.
2[8] p. 199-200.
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UX =
Ms
V
∫
ΦXdV =
3Ms
4πR3
(1 + 3w)ρX
2πG
3
∫ R
0
r24πr2dr i.e.
UX = (1 + 3w)ρX
2πGMs
5
R2
(6.14)
where Ms is the total mass (CDM) of the sphere, V is the total volume of the sphere,
and dV = 4πr2dr. Note that this expression for UX has the limit for the potential
energy UΛ of the cosmological constant Λ, i.e. when w = −1 and ρX = ρΛ = c2Λ8πG it
reproduces the potential energy UΛ = − c210ΛMsR2 derived in (5.7).
The virialization condition including this type of X has the same form as for the ΛCDM
universe. The derivation is the same as the one in (5.9) only with the replacement of
UΛ → UX . Thus, the virialization condition for a passive X which do not cluster is:
1
2
Um(as,vir) + 2UX(as,vir) = Um(as,ta) + UX(as,ta) (6.15)
where Um = −3GMs5R is the potential energy of the CDM from (4.24). Note that the
physical radius R of the sphere have been replaced with the sphere’s scalefactor as
which has an equivalent meaning in this context.
6.2.2 Virialization condition for
dynamical and clustering dark energy
This virialization condition includes a dynamical dark energy component X with a
density ρX,s inside the sphere that is fully clustering in the same way as CDM, the only
diﬀerence being its equation of state which dictates a diﬀerent energy conservation, i.e.
ρX,s ∝ a−3(1+w)s (6.16)
where as is the scalefactor of the sphere. However, energy is conserved, and since the
dark energy is dynamical and thus active in the dynamics of the system, it is reasonable
to imagine that it takes part in the virialization process. This virialization condition is
applied in the article [3] by Maor and Lahav where also the expression of the potential
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energy UX associated with X is stated. A slightly more detailed derivation of these
two equations will now follow, but it is fully based on [3].
When the full system virializes, the virial theorem should relate the full kinetic and
potential energies of the system. The total potential energy is
U =
1
2
∫
(ρm,s + ρX,s)(Φm +ΦX)dV (6.17)
where Φm and ΦX are the potentials induced by each energy component in a spherical
homogeneous conﬁguration given by3
Φy(r) = −2πG(1 + 3wy)ρy,s
(
R2 − r
2
3
)
(6.18)
where the subnotation y stands for m or X, and r ∈ [0, R]. The total kinetic energy K
at virialization is
K =
1
2
R
∂U
∂R
(6.19)
With the two equations (6.17) and (6.18), the expression for the total potential energy
U can be derived. From (6.18) the potential for the CDM (w = 0) and X (−1 ≤ w < 0)
is
Φm(r) = −2πGρm,s
(
R2 − r
2
3
)
and ΦX(r) = −2πG(1 + 3w)ρX,s
(
R2 − r
2
3
)
, (6.20)
respectively, and with some standard algebra, the integrand of the total potential energy
U in (6.17) yields
(ρm,s+ρX,s)(Φm+ΦX) = −2π
(
ρ2m,s+(2+3w)ρm,sρX,s+(1+3w)ρ
2
X,s
)(
R2−r
2
3
)
(6.21)
Then by substituting this into (6.17) gives
3[8] p. 200.
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U = −1
2
2π
(
ρ2m,s + (2 + 3w)ρm,sρX,s + (1 + 3w)ρ
2
X,s
) ∫ R
0
(
R2 − r
2
3
)
4πr2dr
= −3GM
2
s
5R
− (2 + 3w)4
5
πGMsρX,sR
2 − (1 + 3w)16π
2G
15
ρ2X,sR
5
(6.22)
where dV = 4πr2dr. To end up with the expression of U implemented in the program
code for this thesis, one now have to consider how ρm,s and ρX,s acts. They depend on
the scalefactor as of the sphere as
ρm,s = ρm,s,taa
−3
s and ρX,s = ρX,s,taa
−3(1+w)
s (6.23)
where ρm,s,ta and ρX,s,ta is the density of CDM and X inside the sphere, respectively, at
turnaround. By substituting (6.23) into (6.22) and continue to use the physical radius
R, and not the scalefactor as, gives the following equivalent expression for (6.22) after
some more standard algebra:
U = −16π
2G
15
[
ρ2m,s,taR
6
taR
−1 + (2 + 3w)ρm,s,taρX,s,taR
3(2+w)
ta R
−(1+3w)
+ (1 + 3w)ρ2X,s,taR
6(1+w)
ta R
−(1+6w)
] (6.24)
where Rta = constant is the physical radius at turnaround. Then by substituting this
ﬁnal expression for U into the expression for the total kinetic energy K in (6.19) the
implemented expression for K follows:
K =
8π2G
15
[
ρ2m,s,taR
6
taR
−1 + (1 + 3w)(2 + 3w)ρm,s,taρX,s,taR
3(2+w)
ta R
−(1+3w)
+ (1 + 6w)(1 + 3w)ρ2X,s,taR
6(1+w)
ta R
−(1+6w)
] (6.25)
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Then ﬁnally, by utilizing energy conservation between turnaround and virialization, i.e.
Uvir +Kvir = Uta +Kta (6.26)
the virialization condition follows as
U(as,vir) +K(as,vir) = U(as,ta) (6.27)
which implicitly state the radius at virialization Rvir ⇔ as,vir when it is fulﬁlled. That
is, when U(as,vir) andK(as,vir) have been substituted by (6.24) and (6.25), respectively,
and U(as,ta) have been determined. Note that the kinetic energy at turnaround must be
zero, i.e. Kta = 0, and Rta and Rvir has once again been replaced with its corresponding
as,ta and as,vir so to have the same form as the virialization condition (6.15).
6.2.3 Virialization condition for
dynamical and non-clustering dark energy
Often are spatial perturbations in the dark energy neglected, i.e. it is considered to be
non-clustering (i.e. homogeneous), only dependent on the background universe. This
implies that the system of spherical collapse does not conserves energy. Because the
virialization condition (6.27) is based on energy conservation (6.26) between turnaround
and virialization, a problem arises of how to deﬁne the right radius of virialization.
Again referring to the article [3] by Maor and Lahav, a correction to equation (6.27)
that will take into account the loss of energy, will now be presented.
A new function U˜ is deﬁned as the sphere’s potential energy had it conserved energy.
Thus the energy lost by the sphere can be expressed as
∆U ≡ U˜ − U ⇒ ∆Uvir ≡ U˜vir − Uvir (6.28)
where U is the potential energy of the sphere which do not conserve energy. Firstly,
the equation stating energy conservation (6.26), where Kta = 0, can be rewritten as
[
U +
R
2
∂U
∂R
]
vir
= Uta (6.29)
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whereKvir =
[
R
2
∂U
∂R
]
vir
implied by equation (6.19). Now, accounting for the lost energy
∆U , equation (6.29) can be corrected such that
[
U +
R
2
∂U
∂R
]
vir
+∆Uvir = Uta
⇐⇒
[
U˜ +
R
2
∂U
∂R
]
vir
= Uta
(6.30)
where U˜vir = Uvir + ∆Uvir from (6.28). This is the virialization condition which take
into account the loss of energy inside the sphere. This needs some further explanation.
By looking at (6.22), and remembering that it is equivalent with (6.24), one realize
that U = U(ρm,s, ρX,s, R). Then in order to calculate U˜ = U˜(ρm,s, ρX,s, R), one needs
to replace ρX,s with ρ˜X,s ∝ a−3(1+w)s . That is, when calculating U˜ , one need to use the
density ρ˜X,s which is the density of the dark energy inside the sphere had it been fully
clustering. Thus
U˜(ρX,s, ρm,s, R) = U(ρ˜X,s, ρm,s, R) (6.31)
where in this subsection
ρX,s ∝ a−3(1+w) but ρ˜X,s ∝ a−3(1+w)s (6.32)
Note that the relation (6.31) shall not be used for the U when calculating the kinetic
al energy K = R2
∂U
∂R in the virialization condition (6.30). For this expression of K the
potential energy is the non-corrected U = U(ρX,s, ρm,s, R) which means it is using the
U which do not corrects the loss of energy.
Finally, it is important to be aware of the boundary conditions ρ˜X,s,ta = ρX,s,ta, which
states that the two densities are equal at turnaround. That is
ρ˜X(as,ta)
( Rta
Rvir
)3(1+w)
= ρX(as,ta)
( Rta
Rvir
)3(1+w)
(6.33)
i.e. ρ˜X(as,ta) = ρX(as,ta).
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This was the end of the presentation for the last three virialization conditions considered
in this thesis. The next section will present the simulations when including these
conditions to spherical collapse in the dark energy models now introduced, and in
addition to many more.
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6.3 Numerical Simulations
In this section, three parameters will be presented in plots:
• Density contrast at turnaround ∆ta
• Radius at virialization Rvir
• Density contrast at virialization ∆vir
(Note that appendix A contains additional plots for these parameters given as functions
of initial density contrasts ∆i.)
These are the numerical data generated by the code when it simulates the evolution
of overdense spheres inside the dark energy models presented in section 6.1 and in
additional models with other constant values of w ∈ [−1, 0]. Regarding the two latter
parameters they are a result by adopting the virialization conditions presented in section
6.2 into these simulations. The eﬀects of each of the three properties of X will be
considered in separated plots.
Mainly eight plots will be discussed and each of these contains 21 lines which represents
the relevant parameter given for 21 diﬀerent dark energy models which corresponds to
a constant equation of state, i.e. a constant w ∈ [−1, 0]. Note that a discussion of each
one of these lines will be much too extensive. The interpretation will therefore focus on
the models with an equation of state given with w = 0, w = −1/3, and w = −1. This
will give an impression of how the same parameters in the rest of the models evolve by
comparison.
6.3.1 Short description of the program code
Before getting to the results it is appropriate to explaine, to a certain extent, how these
numerical data are generated, and now that all the relevant analytical equations are
presented and mostly derived throughout the thesis, this is thus possible to do. Note
that this description will only be given qualitatively.
The program code can roughly be divided into three main levels 4. In the bottom
is the simulation of the background universe described by the Friedmann equations
(6.1) and (6.2), and the density evolution of the energy components (6.3). In the
second level runs the simulation of the evolution of the initial overdensity given as the
homogeneous sphere - which interact with the background. This sphere is basically
described by its own second Friedmann equation (6.6), and the density evolution of
its energy components given in the equations (6.7) and (6.8). These two levels of the
4Even though the following description refers only to equations in chapter 6, it also applies for the
parts of the code describing spheres in the EdS and ΛCDM models presented earlier.
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code are able to simulate a spherical collapse. But if the sphere ever reach turnaround,
then its scalefactor as will end up at zero which is non physical. That is, they miss
out the most important part of this physical system which is when the sphere reaches
virialization. This is where the third level enters. It calculates all the terms in the
equation which represents the current virialization condition given by one of them
presented in the subsections 6.2.1, 6.2.2 and 6.2.3. Then it compares each side of this
equation, and eventually ends the simulation when the condition is met, i.e. when each
side are equal. Finally the desired data is written to ﬁle, i.e. Rvir and ∆vir.
This is the essence of how the code developed for this thesis works, and thus its pro-
cedure for generating the data which have so far been presented, and for the remaining
which will be presented in the three subsections 6.3.3, 6.3.4, and 6.3.5.
6.3.2 How to read the plots
At ﬁrst glance of the plots in the ﬁgures (6.6), (6.7) and (6.8), they appear messy. But
yet there exists a kind of order among all the lines. These lines have diﬀerent colors
relating to how they evolve as functions of redshift z. Lines with the same color evolve
in a similar way which should be obvious when observing them. With this in mind,
one should read each plot by starting with the line corresponding to w = −1 and then
continue to look at the other lines corresponding to w-values in ascending order all the
way to w = 0. By doing this one sees that there are a form of continuity between all
of them. That is, they all appear to be only one line moving through the plot. When
this is incorporated it will be easyer to focus on only one line among all the other.
6.3.3 Density contrast ∆ta at turnaround
As emphasized in section 5.3 it is important to know how the density contrast ∆ is
deﬁned. It has the same deﬁnition here but one need to account for the dark energy X
which is no longer a constant. In this context the density contrast ∆ta at turnaround
is thus deﬁned as
∆ta ≡ ρs − ρ
ρ
=
(
ρm,s,init(
as,init
as,ta
)3 + ρX,s
)− (ρm0a−3ta + ρX)
ρm0a
−3
ta + ρX
=
ρm,s,init(
as,init
as,ta
)3 + ρX,s
ρm0a
−3
ta + ρX
− 1
(6.34)
where
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ρX,s ≡ ρX = ρX0a−3(1+w) for non-clustering X, and
ρX,s = ρX,s,init
(as,init
as
)3(1+w)
for clustering X.
(6.35)
Here ρs is the total density of the sphere, ρ is the total background density, ρm,s,init is
the initial CDM density of the sphere, ρm,s,init(
as,init
as,ta
)3 = ρm,s,ta is the sphere’s CDM
density at turnaround, as,init is the scale factor of the sphere when it starts to evolve,
as,ta is the scale factor of the sphere at turnaround, ρX,s is the density X inside the
sphere, ρm0 is the density of the background CDM at present, ata is the background
scale factor when the sphere reach turnaround, ρX0 is the background density of X at
present, and ρX is the background density of X at any time.
In ﬁgure 6.6, two plots are presented for the density contrast ∆ta at turnaround over a
redshift interval approximately z ∈ [0, 17]. The top plot applies to non-clustering dark
energy X, and the bottom plot applies to clustering X.
Top plot
The line marked w = 0 have a constant value ∆ta(w = 0) ≈ 3.6 and by recalling the
constant analytical value ∆ta(EdS) ≈ 4.55 given in (4.38) for the EdS model one realize
that this dark energy model is describing a system which is similar to the EdS model.
That is, the background has become the EdS model and X has gotten some of the same
properties as CDM, i.e. pX = pm = 0 because w = 0. However, this system do not
have all the same properties as the EdS model because X is required to depend on the
background. Thus, even though X has pX(w = 0) = pm = 0 it gets diluted with the
evolution of the background. From the initial time (i.e. z = 1100) 70% of the energy
content of the sphere (which in this case is X) is ∝ a−3(1+w) = a−3 and therefore the
sphere loses energy.
The line marked w = −1 represents a reproduction of the background ΛCDM model
and also of the particular features of its dark energy X = Λ, i.e. pX(w = −1) = pΛ =
−ρΛc2 = constant, because ρX(w = −1) = ρΛ ∝ a−3(1+w) = 1 when recalling the evol-
ution of X given in (6.5). It is equal to the line in ﬁgure 5.5 of section 5.3 which presen-
ted the results for the parameters in the ΛCDM model. When zta ≈ 0 one sees that
∆ta(w = −1) ≈ 3.5, which means that ∆ta(w = −1) < ∆ta(w = 0). This is the eﬀect of
the accelerating background of the ΛCDM model (from z ≈ 0.67) which do not exists
in the EdS model. When zta → 1100 one sees that ∆ta(w = −1) → ∆ta(EdS) ≈ 4.55,
i.e. the conditions in the ΛCDM model goes asymptotically towards the EdS model.
This is because at these early times the density of CDM dominates completely over the
density of Λ and thus Λ is reduced to a negligible energy component.
The rest of the lines, with labels marked −1 < w < 0, can be seen to have a behaviour
somewhere in between the two w-limits now discussed. They illustrate how dependent
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the density contrast ∆ta of an evolving sphere is of the equation of state, and also the
property imposed to the X component (non-clustering in this case). For all the blue
lines (i.e. w ∈ [−0.6, 0]) one interesting common behaviour to note is that they all are
crossing, and they are also crossing the black lines (i.e. w ∈ [−1,−0.7]). This means
that one particulary value of ∆ta can correspond to several of these dark energy models.
Bottom plot
The line marked w = 0 has a constant value ∆ta(w = 0) ≈ 4.55. Again by recalling
the constant analytical value ∆ta(EdS) ≈ 4.55 given in (4.38) one realize that this
system is the result of the simulated dark energy model reproducing the EdS model
completely. In this case, the dark energy component X has both of the properties of
CDM, which was not the case in the top plot. That is, pX(w = 0) = pm = 0 and
ρX(w = 0) ∝ a−3(1+w)s = a−3s . Thus X is clustering identically as CDM.
The line marked w = −1 represents a complete reproduction of the ΛCDM model with
the same explanation as given for the top plot.
The line marked w = −1/3 stands out here compared to its corresponding line in the
top plot. When zta ≈ 0 it has the strongest density contrast ∆ta(w = −1/3) ≈ 6.55.
To explain this, one need to consider the second Friedmann equation for both the back-
ground universe and the sphere, i.e. the equations (6.2) and (6.6), respectively. These
equations (which describes their respective accelerations) shows that for an equation of
state with w = −1/3, none of them is getting a contribution from the X-term. Thus,
the background universe gets no contribution from X to ’brake’ the collapse, and the
X-component inside the sphere do not contribute to an outward pressure which works
against the force of gravity.
The rest of the lines (i.e. −1 < w < −1/3 and −1/3 < w < 0) can be seen to have
a behaviour somewhere in between these three w-limits now discussed. As said for
the top plot, they illustrate how dependent the density contrast ∆ta of an evolving
sphere is of the equation of state, and also the property required to the X component
(clustering in this case). As for the lines in the top plot, the lines in this bottom plot
are also crossing. Thus one needs to be aware of that one particular value of ∆ta are
not necessarily enough to decide the equation of state. Another interesting observation
in this bottom plot is the line (not shown) corresponding to a value of w somewhere in
between w = −0.8 and w = −0.7. Because all these lines appear to have a continuous
connection there should exist a particular value of w which have the same density
contrast ∆ta(zta ≈ 0) as the line corresponding to w = 0. Thus, for zta ≈ 0 there exist
a dark energy model with −0.8 < w < −0.7 which mimics the EdS model.
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Figure 6.6: Both plots shows the density contrast ∆ta at turnaround as a function of redshift
zta. Top plot: The dark energy is not clustering, i.e. total energy of the sphere is not conserved.
Bottom plot: Dark energy is clustering, i.e. total energy of the sphere is conserved.
6.3.4 Radius Rvir at virialization
In ﬁgure 6.7, three plots are presented for the radius Rvir at virialization in the redshift
interval z ∈ [0, 10]. The top plot applies to a non-clustering and passive X, the middle
plot applies to a non-clustering and dynamical X, and the bottom plot applies to a
clustering and dynamical X. These three properties of X was presented in section 6.2.
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Top plot
The line marked w = 0 shows a constant value Rvir/Rta ≈ 0.541. As explained for
the top plot in ﬁgure 6.6, the background is the EdS model, but X is a function of
the background and thus the sphere loses energy. Then because the conditions in this
system is not identical to all the conditions in the EdS model one should expect to see
another constant value of Rvir than the constant analytical value (i.e. 0.5) given in the
derivation (4.29).
The line marked w = −1/3 is interesting. This dark energy model mimics the EdS
model because the line has the constant value Rvir/Rta = 0.5. As for the bottom plot
in 6.6 one need to consider the second Friedmann equation for both the background
universe and the sphere, i.e. the equations (6.2) and (6.6), respectively. For w = −1/3,
none of them is getting any contribution from the X-term. That is, the background
universe gets no contribution from X to ’brake’ the collapse, and the X-component
inside the sphere do not contribute to an outward pressure which works against the
force of gravity. This can also be explained by the fact that X can not contribute with
any force if it is not able to generate any potential, i.e. if ΦX = 0. When looking
at the expression for ΦX in equation (6.13) one realize that this is the case. Another
important thing to consider is that the density ρX,s of X inside the sphere do not
evolve equally as the density ρm,s of the CDM inside the sphere. That means, even
though this dark energy model generates the same Rvir as the EdS model, its cosmolo-
gical ﬂuid has not the same properties as the ﬂuid of the EdS model. Thus, what this
line represents is a ’trade of’ between how the equation of state tells the ﬂuid of X to
evolve, and how it tells X to aﬀect the acceleration of the background and of the sphere.
The line marked w = −1 represents a complete reproduction of the ΛCDM model with
the same explanation as given for the top plot in ﬁgure 6.6. As stated in subsection
6.2.1, this virialization condition (applied to the current plot) reduces to the virializa-
tion condition for the ΛCDM model. This line is the the same as the one presented in
ﬁgure 5.6 of section 5.3 for the ΛCDM model.
The rest of the lines (i.e. −1 < w < −1/3 and −1/3 < w < 0) can be seen to have a
behaviour somewhere in between these three w-limits now discussed. Note that only the
lines −1 ≤ w < −1/3 which refers to models that already have a positive acceleration
at zvir = 0 or are able to achieve it some time in the future (as mentioned in section 6.1
when discussing ﬁgure 6.1) is the ones crossing each other. This means, if we happen
to live in a universe which we know for sure has −1 ≤ w < −1/3, and we also happen
to know for sure that the virialization condition for this particular plot is the correct
one, then we can conclude that there are more than one equation of state which can
generate the same virial radius Rvir as a consequence of these intersecting lines. To be
sure of pointing out the correct w, one needs to observe Rvir at more than one redshift
zvir.
6.3 Numerical Simulations 111
Middle plot
The line marked w = 0 shows a constant value Rvir/Rta ≈ 0.574. As noted in the top
plot, w = 0 implies that the background universe is described by the EdS model. The
diﬀerence in this model is that of the new property of X where it is imposed to be dy-
namical despite its density ρX,s inside the sphere is dependent of the background. Thus
the sphere still loses energy. Because X has this dynamical nature it will participate in
the virialization process and therefore it will contribute with a force working against the
gravitational force. This implies that Rvir(dynamical X) have to be greater compared
with Rvir(passive X) for w = 0 in the top plot. This conclusion is consistent with what
these two plots shows, i.e. (Rvir/Rta)top plot ≈ 0.541 < (Rvir/Rta)middle plot ≈ 0.574.
The line marked w = −1/3 is again interesting. One sees a dark energy model mimicing
the EdS model because the line has the constant value Rvir/Rta = 0.5. At ﬁrst glance
this behaviour is maby unexpected because in this context X has a dynamical nature
which was not the case when discussing the w = −1/3 line in the top plot. Still, here
the sphere virializes with radius Rvir = 0.5Rta. Now, because ΦX = 0 as explained for
the top plot, this new virialization condition (derived in subsection 6.2.2) which takes
into consideration a dynamical nature of X, will be reduced to the virialization condi-
tion which was applied for the top plot. That is, the equation of state with w = −1/3
will impose X to have a passive nature, even though X in genereal for w ∈ [−1, 0] do
not have a passive nature in context with this middle plot.
The line marked w = −1 has a signiﬁcant diﬀerent behaviour than the line with the
same label in the top plot. For the same value of zvir ≈ 0 one sees that in the top plot
(Rvir/Rta)top plot ≈ 0.484 and in the middle plot (Rvir/Rta)middle plot ≈ 0.520. That
is, (Rvir/Rta)top plot < (Rvir/Rta)middle plot. This means that if one impose the cosmo-
logical constant Λ to have a dynamical nature instead of a passive nature this has a
fundamental impact on how structures in the Universe virializes.
The last line of this middle plot which stands out is the line marked w = −0.6. For
zvir ≈ 0 it is the line corresponding to the shortest virialization radius Rvir ≈ 0.474.
Thus, even thoughX is dynamical there are dark models which still give values ofRvir <
0.5Rta. This includes the models with −0.8 . w < −1/3. With the interpretations
of the three previous w-values this result will be left whith no further interpretation.
This is what the numerical data implies based on the somewhat complex connection
between the equations involved and how the equation of state (w = −0.6) imposes
them to behave. By inspection there is obviously a continuity between all these lines.
Bottom plot
The lines marked w = 0 and w = −1/3 are both giving the constant analytical value
Rvir/Rta = 0.5 as for the EdS model. The w = 0 line has the simple explanation that
the dark energy model here simulated is reduced to the EdS model. When w = 0 the
Friedmann equations which describes the background becomes the Friedmann equa-
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tions which describe the EdS model. Also, when w = 0 together with the requirement
that X is clustering, X inside the sphere has the identical properties as CDM. That is,
ρX,s(w = 0) ∝ a−3(1+w)s = a−3s and pX(w = 0) = wρX = pm = 0. For the w = −1/3
the explanation given for the same marked line in the middle plot applies here. That
is, in this system the virialization condition will get reduced to the one applied for the
top plot as a consequence of ΦX(w = −1/3) = 0. Still, there is one main diﬀerence
which demands explanation. Here X is imposed to cluster which is not the case in the
middle plot. This means that at any equal redshift zvir for the two w = −1/3 lines
in the middle and the bottom plot, the line in this bottom plot will correspond to a
sphere with a stronger density contrast ∆vir. This is consistent with the middle and
bottom plot in ﬁgure 6.8 which corresponds to the middle and bottom plot discussed
here.
As for the middle plot, the line marked w = −1 has a signiﬁcant diﬀerent behaviour
than the line with the same label in the top plot. Again the reason is the dynamical
nature imposed on X through the virialization condition in use for this bottom plot
(and the middle plot). This w = −1 line is equal to the same marked line in the middle
plot. The reason is that even though X for this bottom plot in general is imposed
to cluster as ∝ a−3(1+w)s one realize that X = Λ also for this bottom plot because
ρX(w = −1) ∝ a−3(1+w)s = 1 and therefore ρX(w = −1) = ρΛ = constant.
With the interpretations of these three w-values in mind the rest of the lines will be
left with no further interpretation. As said about the w = −0.6 in the middle plot,
this is what the numerical data implies based on the somewhat complex connection
between the equations involved and how the rest of these equation of state imposes
them to behave. By inspection there is obviously a continuity between all these lines
which have a behaviour determined by the equation of state.
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Figure 6.7: All three plots shows the radius Rvir at virialization (presented as the ratio
Rvir/Rta where Rta is the radius at turnaround) at virialization as a function of redshift zvir.
Top plot: The dark energy is not clustering and it is passive. Middle plot: The dark energy is
not clustering but it is dynamical, i.e. total energy of the sphere is not conserved. Bottom plot:
The dark energy is clustering and it is dynamical, i.e. total energy of the sphere is conserved.
114
Spherical Collapse in
Dark Energy Universe Models
6.3.5 Density contrast ∆vir at virialization
The density contrast ∆vir at virialization has the same deﬁnition as ∆ta in subsection
6.3.3. The only diﬀerence is that the scale factors for the sphere and the background
are given at viriralization, i.e. as = as,vir and a = avir. The density contrast ∆vir at
virialization is thus
∆vir =
(
ρm,s,init(
as,init
as,vir
)3 + ρX,s
)− (ρm0a−3vir + ρX)
ρm0a
−3
vir + ρX
=
ρm,s,init(
as,init
as,vir
)3 + ρX,s
ρm0a
−3
vir + ρX
− 1
(6.36)
where still
ρX,s ≡ ρX = ρX0a−3(1+w) for non-clustering X, and
ρX,s = ρX,s,init
(as,init
as
)3(1+w)
for clustering X.
(6.37)
In ﬁgure 6.8, three plots are presented for the density contrast ∆vir at virialization in
the redshift interval zvir ∈ [0, 10]. The top plot applies to a non-clustering and passive
X, the middle plot applies to a non-clustering and dynamical X, and the bottom plot
applies to a clustering and dynamical X. These three properties of X was presented
in section 6.2. Also these three plots are related to the three plots in ﬁgure 6.7, i.e.
the two top plots are related, the two middle plots are related etc. Therefore the same
interpretation as given for the w-lines in the plots in 6.7 applies for the w-lines in each
related plot in ﬁgure 6.8.
Top plot
The line marked w = 0 has a constant value ∆vir(w = 0) ≈ 89. Based on the constant
value Rvir/Rta ≈ 0.541 from the corresponding top plot in ﬁgure 6.7, and the fact that
the density ρX,s(w = 0) of X inside the sphere gets diluted (with the background) in
the same way as the CDM density ρm,s(w = 0) inside the sphere is clustering, a con-
stant value of ∆vir(w = 0) is to be expected. That is, ρX,s(w = 0) ∝ a−3(1+w) = a−3
and ρm,s(w = 0) ∝ a−3(1+w)s = a−3s . Also note the relation that Rvir/Rta ≈ 0.541
represents the greatest Rvir/Rta and ∆vir(w = 0) ≈ 89 is the weakest density contrast
in the current plot.
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The line marked w = −1/3 shows a behaviour which is consistent with the explanation
for the same marked line in the top plot of ﬁgure 6.7. It was here pointed out that even
though this w = −1/3 model virialized with the same constant value of Rvir/Rta it
still did not have all of the same properties as the EdS model because their respective
cosmological ﬂuids did not evolve equally. That is, in the beginning of this subsection
6.3.5 it was explained that the density contrast at virialization for the EdS model was a
constant value ∆ = ∆vir(EdS) ≈ 145.84. This is not the case for the line representing
∆vir(w = −1/3) in this top plot. ∆vir(w = −1/3) is not a constant as a consequence
of ρm,s ∝ a−3(1+w)s = a−3s but ρX,s ∝ a−3(1+w) = a−2. That is, these two components
evolves in two signiﬁcant diﬀerent ways.
For the w = −1 line one observes that the density contrast ∆vir(w = −1) appears to
move asymptotically to ∆vir(EdS) ≈ 145.84 towards greater redshifts zvir. This is con-
sistent with its corresponding top plot in ﬁgure 6.7 where the value of Rvir/Rta → 0.5
towards greater redshifts.
The lines with the w-values now discussed have been considered to be consistent with
the top plot in 6.7. The apparent continuity between all the lines should therefore
reinforce the assumption that the rest of the lines in this plot also is consistent with
their corresponding lines in the top plot of 6.7.
Middle plot
The w = 0 line has a constant density contrast ∆vir(w = 0)|middle plot ≈ 72.5. That
means it is weaker than ∆vir(EdS) ≈ 145.84. One of the reasons for this is that
the density ρX,s of X is dependent on the background. Thus the evolution of the X
component makes this ﬂuid not to cluster as the ﬂuid in the EdS model. The second
reason is that the virialization condition used for this plot takes into account the re-
quirement that X has a dynamical nature and therefore participate in the virialization
process. This indicates that the sphere should virialize with a greater value of Rvir/Rta
because of the additional outward force generated by X. This was shown to be the
case for the w = 0 line in the corresponding middle plot of ﬁgure 6.7. Then it is also
reasonable to conclude that the density contrast in this case should be weaker than
∆vir(w = 0)|top plot ≈ 89 where X is passive. This is what the top and middle plot
shows, i.e. ∆vir(w = 0)|top plot > ∆vir(w = 0)|middle plot.
The w = −1/3 line is identical to the same marked line in the top plot. The ﬁrst
part of the explanation for this is referred to the interpretation of the same marked
line in the middle plot of ﬁgure 6.7 which pointed out that when w = −1/3 then the
virialization condition reduces to the one used for passive X in the top plot. The last
part of the explanation for this current w = −1/3 line is the interpretation given for
the same marked line in the top plot.
The w = −1 line goes asymptotically to the value ∆vir(EdS) ≈ 145.84 as in the top
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plot, and which also is consistent with the same marked line in the middle plot of ﬁgure
6.7. Compared with the same marked line in the top plot one realize that ∆vir(w = −1)
in general is weaker in this middle plot. The reason is the greater Rvir/Rta as an eﬀect
of X participating in the virialization process.
The lines with the w-values now discussed have been considered to be consistent with
the middle plot in 6.7. The apparent continuity between all the lines should therefore
reinforce the assumption that the rest of the lines in this plot also is consistent with
their corresponding lines in the middle plot of 6.7.
Bottom plot
The w = 0 line has the constant analytical value ∆vir(w = 0) = ∆vir(EdS) ≈ 145.84.
This is consistent with the same marked line in the bottom plot of ﬁgure 6.7. The
interpretation for this will be reﬀered to the interpretation done for this same marked
line in the bottom plot of ﬁgure 6.7.
For the w = −1/3 line one sees that it represents a stronger density contrast ∆vir(w =
−1/3) at any zvir compared to the same marked lines in the middle plot. The reason is
that X in this case is clustering and thus contribute more to the total density ρs which
generates a stronger density contrast. A second reason is that ΦX(w = −1/3) = 0 and
then X is not dynamical in this case for the same reason as explained for the w = −1/3
line in the bottom plot of ﬁgure 6.7.
For the w = −1 line it is equal to the same marked line in the middle plot. The
reason is that the density ρX,s of X has become a constant similar to the cosmological
constant Λ. Still its nature is diﬀerent than Λ because it is consider to be dynamical.
That means the properties of X in this case is the same as for X in the middle plot.
Thus, the two lines needs to be equal and they are.
The lines with the w-values now discussed have been considered to be consistent with
the bottom plot in 6.7. The apparent continuity between all the lines should therefore
again reinforce the assumption that the rest of the lines in this plot also is consistent
with their corresponding lines in the middle plot of 6.7.
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Figure 6.8: All three plots shows the density contrast ∆vir at virialization as a function of
redshift zvir. Top plot: The dark energy is not clustering and it is passive. Middle plot: The
dark energy is not clustering but it is dynamical, i.e. total energy of the sphere is not conserved.
Bottom plot: The dark energy is clustering and it is dynamical, i.e. total energy of the sphere
is conserved.
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6.4 Chapter Summary
In this chapter it have been studied the evolution of spherical collapse in many diﬀerent
dark energy models with a constant equation of state. In section 6.1 we saw how the
sphere evolved when starting with a set of initial density contrasts ∆i in the ΛCDM
model, and then compared this with how it evolved, starting with the same set of ∆i,
in three other types of dark energy models. In each of these three models we ﬁrst
considered the sphere’s evolution when the dark energy component was non-clustering,
and then compared this with how the sphere evolved when the dark energy was cluster-
ing. It was obvious that all three conditions had a fundamental impact of the sphere’s
evolution. That is, the sphere’s evolution depended fully of
• the initial density contrast ∆i
• the equation of state w
• non-clustering or clustering dark energy
These conditions decided how fast the sphere disentangled from the background and at
which redshift it fully collapsed. In section 6.2 three types of virialization conditions
was introduced and derived. They decided at which radius the sphere would virialize
depending on what type of properties the dark energy was imposed to have. These
properties were
• non-clustering and passive dark energy
• non-clustering and dynamical dark energy
• clustering and dynamical dark energy
Then in section 6.3 these diﬀerent virialization conditions were included in the sim-
ulations of the evolving sphere in a total of 21 diﬀerent dark energy models with a
constant equation of state within w ∈ [−1, 0]. Three diﬀerenet parameters, i.e. ∆ta,
Rvir/Rta and ∆vir, of the sphere were calculated. These three parameters were each
presented in three diﬀerent ﬁgures which each contained three plots reﬀering to the
three diﬀerent virialization conditions. It was shown that these parameters in general
where fully dependent of the above points.
To end this chapter is a ﬁgure consisting of three plots. All three are related to a
dark energy model with an equation of state w = −0.9. Their content have already
been shown in ﬁgure (6.6), (6.7) and (6.8), but here they appear in the same plot and
thus are easier to compare. This ﬁgure (6.9) is an illustration of the importance of
what cosmological structures can tell us about the nature of the dark energy and the
equation of state of the Universe. One realize that diﬀerent properties imposed to the
dark energy has signiﬁcant impact to how structures evolves and how they eventually
virializes to a ﬁnal shape. By comparing observational data with simulations based on
theoretical studies these plots serves as an indication of the importance the spherical
collapse model has in the quest for revealing the true nature of dark energy.
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Figure 6.9: The collapsing sphere’s dependence on three diﬀerent properties imposed to the
dark energy X in a dark energy model with an equation of state w = −0.9. These plots
are a strong indication to expect that the shape of cosmological structures are able to reveal
important information about the true nature of the dark energy and the equation of state of
the Universe.
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Chapter 7
Summary and Conclusions
Summary
Chapter two introduced the general theory of relativity and it was emphasized that it
was the fundamental theory which physical cosmology is based on. In the same chapter
the framework of basic cosmology needed for this text was presented and various de-
rivations were made. In particular the Friedmann equations were emphasized because
of its central roll in the code. In chapter three was the smooth Universe abandoned
and the inhomogeneous Universe was introduced. First the linear perturbations was
presented and a semi derivation of the equation which govern this evolution were made.
Next in the same chapter nonlinear perturbations in the cosmic ﬂuid was presented and
a tool for describing its evolution was derived in general for universe models without a
dark energy component. This tool was the spherical collapse model and in chapter 4 it
got speciﬁed for the EdS universe. It was emphasized that it applied to a homogeneous
overdensity. In the same chapter important analytical values related to this speciﬁed
model were derived to be used in conjunction with simulations. Chapter 5 compared
simulated spherical collapse in the EdS and ΛCDM universe and it was pointed out
some fundamental diﬀerences of how spheres evolved and virialized. It also proved that
the code were able to simulate the same values which was derived for the spherical
collapse model in chapter 4. Chapter 6 was laid up in the same manner as chapter
5. It ﬁrst studied and compared the dynamics of spheres evolving in diﬀerent dark
energy models. Then new virialization conditions were introduced which imposed dif-
ferent properties on the dark energy. Finally these new conditions were included in the
simulations and the results were compared. They showed some fundamental diﬀerences.
Conclusions
In this text the evolution of structure formation in the Universe has been studied and
the focus has been on the nonlinear regime. The tool used for this has been the spher-
ical collapse model. It was ﬁrst derived analytically and speciﬁed for the EdS universe.
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Then, mainly based on the Friedmann equations, a program code was started to be
developed with the aim of simulating this speciﬁed model in the EdS universe. When
this was achieved the code was modiﬁed to simulate a new system which was spherical
collapse inside the ΛCDM model. Finally it was modiﬁed to simulate spherical collapse
in dark energy models with a constant equation of state. These last systems also took
into account three diﬀerent properties imposed to the dark energy. The simulations of
spherical collapse in these systems have shown many important relations and a sum-
mary with conclusions will now follow.
• Initial density contrast ∆i: In ﬁgure 4.1 the importance of the strength of the
sphere’s initial density contrast ∆i related to when it reach turnaround and starts to
collapse was shown for the EdS universe. This relation was also shown to apply for the
other universe models considered and was (among others) shown in ﬁgure 5.1, 6.2 and
6.4. This trend was the same for all the considered models.
Conclusion: Stronger initial density contrasts leads to earlier turnaround and collapse.
•Non-clustering or clustering dark energy X: In the ﬁgures 6.2, 6.3, 6.4, and 6.5,
the relation between non-clustering or clustering X and when the sphere reach turn-
around and starts to collapse was shown. The simulations indicated that clustering X
in models with w = (−0.8,−0.6,−0.4) led to later turnaround and collapse than for
non-clustering X in the same models. Based on the second Friedmann equation (6.6)
of the sphere it was claimed that X inside the sphere for these models contributed
with an outward force which slowed down the collapse. Therefore those spheres with
clustering X contributes the most to this outward force.
Conclusion: Spheres with clustering X in the w = (−0.8,−0.6,−0.4) models reach
turnaround and starts to collapse later than corresponding spheres without clustering
X.
• The equation of state w: Again in the ﬁgures 6.2, 6.3, 6.4, and 6.5, another import-
ant relation appeared. When the spheres reached turnaround and started to collapse
depended of the value of the equation of state w. Regardless of X was clustering or
non-clustering the same trend appeared for all the spheres with the same initial density
contrast ∆i.
Conclusion: Spheres inside the w = −1 model collapsed fastest, corresponding spheres
inside the w = −0.8 model collapsed second fastest, corresponding spheres inside the
w = −0.6 model collapsed third fastest, and ﬁnally corresponding spheres in the
w = −0.4 model collapsed most slowly. This also indicates that a similar relation
can be given for any −1 ≤ w ≤ −1/3 in ascending order, where w = −1/3 states the
limit for if a universe model have or will achieve positive accelerated expansion in the
future. This was discussed in connection with ﬁgure 6.1.
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• Effects at virialization from properties imposed to the dark energy X: The
dark energy models indicated some important eﬀects to be aware of when virialized
structures in the Universe are studied. The middle plot of ﬁgure 6.8 serves as an il-
lustration of this. It shows that, based on the properties imposed to X, for the same
universe model the radius Rvir of some virialized structure change signiﬁcantly.
Conclusion:
(1) Non-clustering and passive X =⇒ RvirRta
∣∣∣
1
< 12
(2) Non-clustering and dynamical X =⇒ RvirRta
∣∣∣
2
> 12
(3) Clustering and dynamical X =⇒ RvirRta
∣∣∣
3
> RvirRta
∣∣∣
2
> 12
’Passive’ meant that X did not participate in the virialization process but only sat up
an extra potential UX ’felt’ by the CDM. ’Dynamical’ meant that X did participate in
the virialization process in addition to set up an extra potential UX ’felt’ by the CDM.
Note that there have been no characteristic length scales associated to the collapsing
system so the spherical collapse remains independent of the size of the object. These
diﬀerences in the virialization radius also have an eﬀect on the density contrast ∆vir
at the same epoch which can be seen in the bottom plot of the same ﬁgure.
• Degeneration of universe models: The ﬁgures 6.6, 6.7 and 6.8 represented the
density contrast ∆ta at turnaround, and radius Rvir and ∆vir at virialization, respect-
ively, in a total of 21 dark energy models with a constant equation of state w ∈ [−1, 0].
It is clear from these ﬁgures that several lines cross each other, meaning that diﬀerent
models may predict the same values for the physical quantities: Rvir and ∆vir.
Conclusion: These lines’ intersections mean the dark energy models are degenerate.
Hence, observational measurements of Rvir and ∆vir may give the same physical values.
To avoid such degeneracy and be able to distinguish the diﬀerent models one should
look at several redshifts.
Outlook
Future work could include other dark energy models (e.g. quintessence), and it could
include simulations of the linear density contrast δvir at virialization and then use the
Press-Schechter formalism for predicting cluster abundances of a certain mass within
a given volume of the Universe. Also one could introduce a new density proﬁle of the
sphere because so far its density has been considered to be homogeneous. That is, one
could assume a density which depends on its scale factor as instead.
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Figure A.1: Evolution of the energy density parameters in the EdS model, ΛCDM model, and
dark energy models with a constant equation of state -1 ≤ w ≤ 0.
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Figure A.2: as,ta/a represents the turnaround radius Rta. Top plot: Dark energy is not
clustering, i.e. total energy of the sphere is not conserved. Bottom plot: Dark energy is
clustering, i.e. total energy of the sphere is conserved.
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Figure A.3: as,ta/a represents the turnaround radius Rta where as,ta and a is the scalefactor of
the sphere and the background scalefactor at turnaround, respectively. Top plot: Dark energy
is not clustering, i.e. total energy of the sphere is not conserved. Bottom plot: Dark energy is
clustering, i.e. total energy of the sphere is conserved.
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Figure A.4: Top plot: Dark energy component is not clustering, i.e. total energy of the sphere
is not conserved. Bottom plot: Dark energy component is clustering, i.e. total energy of the
sphere is conserved.
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Figure A.5: All three plots shows the radius Rvir at virialization (presented as the ratio
Rvir/Rta where Rta is the radius at turnaround) at virialization as a function of initial density
contrast ∆i. Top plot: The dark energy is not clustering and it is passive. Middle plot: The
dark energy is not clustering but it is dynamical, i.e. total energy of the sphere is not conserved.
Bottom plot: The dark energy is clustering and it is dynamical, i.e. total energy of the sphere
is conserved.
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Figure A.6: All three plots shows the density contrast ∆vir at virialization as a function of
initial density contrast ∆i. Top plot: The dark energy is not clustering and it is passive. Middle
plot: The dark energy is not clustering but it is dynamical, i.e. total energy of the sphere is not
conserved. Bottom plot: The dark energy is clustering and it is dynamical, i.e. total energy of
the sphere is conserved.
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B.1 The Friedmann Equations
Implemented in the Code
From (2.60) and (2.61), the general expressions for the ﬁrst and second Friedmann
equation within the realm of GR are
a˙2
a2
+
kc2
a2
=
8πG
3
ρ+
Λc2
3
(B.1)
a¨
a
= −4πG
3
(
ρ+
3p
c2
)
+
Λc2
3
(B.2)
In addition that these two equations gets speciﬁed for a given universe model, they are
also modiﬁed in this thesis so that they depend on the redshift z instead of the cosmic
time t, i.e. a = a(z). Thus
a˙ ≡ da
dt
→ a′ ≡ da
dz
and a¨ ≡ d
2a
dt2
→ a′′ ≡ d
2a
dz2
etc. (B.3)
This appendix derives the following for the given universe models
• Background universe: a′, a′′, H = H(a), and H ′ ≡ dHdz
• Perturbed sphere: a′′s
Note: The deﬁnition H ≡ a˙a and the relation 1 + z = 1a are used frequently. The
background scalefactor is a, and the scalefactor of the sphere is as.
B.1.1 Spherical Collapse in the EdS Universe Model
Because k = 0, Λ = 0 and p = pm = 0, (B.1) and (B.2) speciﬁes to
a˙2
a2
=
8πG
3
ρ (B.4)
a¨
a
= −4πG
3
ρ (B.5)
where
ρ = ρm = ρm(a) = ρm0a
−3 (B.6)
and ρm0 is the background CDM density at present time t0.
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a′:
(B.4) =⇒ a˙ =
(8πG
3
ρm
) 1
2
a
LHS: a˙ ≡ da
dt
=
dz
dt
da
dz
= a′
d
dt
(1
a
− 1
)
= a′
(
− 1
a2
da
dt
)
= −a′H
a
−→ −a′H
a
=
(8πG
3
ρm
) 1
2
a ⇐⇒ a′ = −
(8πG
3
ρm
) 1
2 a2
H
(B.7)
a′′:
(B.5) =⇒ a¨ = −4πG
3
ρma
LHS: a¨ ≡ d
2a
dt2
=
d
dt
(da
dt
)
=
dz
dt
d
dz
(dz
dt
da
dz
)
=
(
d
dt
(1
a
− 1
)) d
dz
(
a′
d
dt
(1
a
− 1
))
= −H
a
d
dz
(
− a′H
a
)
=
H
a
(
H
a
da′
dz
+ a′
d
dz
(H
a
))
=
H
a
(
Ha′′
a
+ a′
(
H ′
a
+H
d
dz
(1
a
)))
=
H
a
(Ha′′
a
+
H ′a′
a
+Ha′
)
−→ H
a
(Ha′′
a
+
H ′a′
a
+Ha′
)
= −4πG
3
ρma
⇐⇒ a′′ = −4πG
3
ρm
a3
H2
− a′
(H ′
H
+ a
)
(B.8)
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H(a):
(B.4) =⇒ a˙
a
≡ H =
(8πG
3
ρm
) 1
2
H =
(8πG
3
ρm0a
−3
) 1
2
=
(8πG
3
ρm0
) 1
2
a−
3
2 = H0
(8πG
3H20
ρm0
) 1
2
a−
3
2
= H0
(ρm0
ρc0
) 1
2
a−
3
2 ⇐⇒ H(a) = H0a−
3
2
where ρc0 is the critical density and ρc0 ≡ 3H
2
0
8πG = ρm0 ⇒ ρm0ρc0 = 1
in the EdS universe.
(B.9)
H ′:
(B.9) −→ H = H0a−
3
2
LHS:
dH
dz
≡ H ′
RHS:
d
dz
(
H0a
− 3
2
)
= −3
2
H0a
− 5
2 a′
−→ H ′ = −3
2
H0a
− 5
2 a′
(B.10)
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a′′s :
(B.5) =⇒ a¨s = −4πG
3
ρsas
where ρs = ρm,s = ρm,s(as) = ρm,s,init
(as,init
as
)3
is the density of the sphere,
ρm,s,init is the density of the sphere at the initial time for the calculation of
its evolution and as,init is the sphere’s scalefactor at that same initial time.
LHS: a¨s ≡ d
2as
dt2
=
d
dt
(das
dt
)
=
dz
dt
d
dz
(dz
dt
das
dz
)
=
(
d
dt
(1
a
− 1
)) d
dz
(
a′s
d
dt
(1
a
− 1
))
=
(
− H
a
) d
dz
(
− a′s
H
a
)
=
H
a
(
H
a
a′′s + a
′
s
d
dz
(H
a
))
=
H
a
(
H
a
a′′s + a
′
s
(
H ′
a
+H
d
dz
(1
a
)))
=
H
a
(
H
a
a′′s + a
′
s
(
H ′
a
+H
(
− a
′
a2
)))
=
H
a
(
H
a
a′′s +
a′s
a
(
H ′ −Ha
′
a
))
=
H2
a2
(
a′′s + a
′
s
(H ′
H
− a
′
a
))
−→ H
2
a2
(
a′′s + a
′
s
(H ′
H
− a
′
a
))
= −4πG
3
ρm,sas
⇐⇒ a′′s = a′s
(a′
a
− H
′
H
)
− 4πG
3
asa
2
H2
ρm,s
(B.11)
138 Friedmann Equations
B.1.2 Spherical Collapse in the ΛCDM Universe Model
Because k = 0, Λ 6= 0 and pΛ 6= 0, only (B.1) of the Friedmann equations gets speciﬁed.
Thus
a˙2
a2
=
8πG
3
ρ+
Λc2
3
(B.12)
a¨
a
= −4πG
3
(
ρ+
3p
c2
)
+
Λc2
3
(B.13)
where
ρ = ρm = ρm0a
−3 and p = pm = 0 (B.14)
and ρm0 is the CDM background density at present time t0.
Firstly, rewriting (B.12) and (B.13) on a simpliﬁed form is useful. The equations (2.15)
and (2.84) gives
ρΛ = ρΛ0 =
Λc2
8πG
and pΛ = −ρΛ0c2 (B.15)
where the ﬁrst gets substituted for Λ in both (B.12) and (B.13) which gives
a˙2
a2
=
8πG
3
ρm +
c2
3
(8πG
c2
ρΛ
)
=⇒ a˙
2
a2
=
8πG
3
(ρm + ρΛ) (B.16)
and
a¨
a
= −4πG
3
(
ρm +
3pm
c2
)
+
c2
3
(8πG
c2
ρΛ
)
= −4πG
3
(
ρm +
3pm
c2
− 2ρΛ
)
= −4πG
3
(
ρm + ρΛ +
3pm
c2
− 3ρΛ
) (B.17)
Now, by substituting the second equation in (B.15) into the last term of (B.17), and also
redeﬁne the density ρ = ρm −→ ρ = ρm+ ρΛ and the pressure p = pm −→ p = pm+ pΛ
yields
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a˙2
a2
=
8πG
3
ρ (B.18)
a¨
a
= −4πG
3
(
ρ+
3p
c2
)
(B.19)
where, said ones again,
ρ = ρm + ρΛ ≡ ρm0a−3 + ρΛ0 and p = pm + pΛ ≡ 0 + (−ρΛ0c2) (B.20)
a′ :
(B.18) =⇒ a˙ =
(
8πG
3
(
ρm0a
−3 + ρΛ0
)) 1
2
a
LHS: During the derivation of (B.7) it is shown that a˙ = −a′H
a
RHS:
(
8πG
3
(
ρm0a
−3 + ρΛ0
)) 1
2
a =
(
H20
3H2
0
8πG
(
ρm0a
−3 + ρΛ0
)) 12
a
= H0
(ρm0
ρc0
a−3 +
ρΛ0
ρc0
) 1
2
a = H0
(
Ωm0a
−3 +ΩΛ0
) 1
2
a
= H0
(
Ωm0(a
−3 − 1) + 1
) 1
2
a where
Ωm0 ≡ ρm0
ρc0
, ΩΛ0 ≡ ρΛ0
ρc0
, and Ωm0 +ΩΛ0 = 1 implied
from (2.68) and (2.69), respectively.
Thus − a′H
a
= H0
(
Ωm0(a
−3 − 1) + 1
) 1
2
a
⇐⇒ a′ = −H0
(
Ωm0(a
−3 − 1) + 1
) 1
2 a2
H
(B.21)
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a′′ :
Substituting (B.20) in (B.19) =⇒ a¨ = −4πG
3
(
ρm + ρΛ0 +
3
c2
(−ρΛ0c2)
)
a
LHS: During the derivation of (B.8) it is shown that
a¨ =
H
a
(Ha′′
a
+
H ′a′
a
+Ha′
)
RHS: − 4πG
3
(
ρm + ρΛ0 +
3
c2
(−ρΛ0c2)
)
a = −4πG
3
(
ρm − 2ρΛ0
)
a
−→ H
a
(Ha′′
a
+
H ′a′
a
+Ha′
)
= −4πG
3
(
ρm − 2ρΛ0
)
a
⇐⇒ a′′ = −4πG
3
(
ρm − 2ρΛ0
) a3
H2
− a′
(H ′
H
+ a
)
(B.22)
H(a) :
LHS: During the derivation of (B.21) it is shown that:
a˙ = H0
(
Ωm0(a
−3 − 1) + 1
) 1
2
a
⇐⇒ a˙
a
≡ H(a) = H0
(
Ωm0(a
−3 − 1) + 1
) 1
2
(B.23)
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H ′ :
(B.23) =⇒ H = H0
(
Ωm0(a
−3 − 1) + 1
) 1
2
LHS:
dH
dz
≡ H ′
RHS:
d
dz
(
H0
(
Ωm0(a
−3 − 1) + 1
) 1
2
)
=
H0
2
(
Ωm0(a
−3 − 1) + 1
)− 1
2
(−3Ωm0a−4a′)
= −3
2
H0Ωm0
a′
a4
(
Ωm0(a
−3 − 1) + 1
)− 1
2
−→ H ′ = −3
2
H0Ωm0
a′
a4
(
Ωm0(a
−3 − 1) + 1
)− 1
2
(B.24)
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a′′s :
(B.19) =⇒ a¨s = −4πG
3
(
ρs +
3ps
c2
)
as
where ρs = ρm,s + ρΛ,s, and ρm,s = ρm,s,init
(
as,init
as
)3
is the CDM density of the
sphere, ρm,s,init is the density of the sphere at the initial time for the calculation
of its evolution, as,init is the sphere’s scalefactor at that same initial time, ρΛ,s ≡ ρΛ0,
and ps = pm,s + pΛ,s, where pm,s = 0 for CDM and pΛ,s ≡ pΛ is given by the
equation of state pΛ = pΛ0 = −ρΛ0c2 implied by (2.84).
LHS: During the derivation of (B.11) it is shown that a¨s =
H2
a2
(
a′′s + a
′
s
(H ′
H
− a
′
a
))
RHS: − 4πG
3
(
ρs +
3ps
c2
)
as = −4πG
3
(
ρm,s + ρΛ0 +
3
c2
(−ρΛ0c2)
)
as
= −4πG
3
(
ρm,s − 2ρΛ0
)
as
−→ H
2
a2
(
a′′s + a
′
s
(H ′
H
− a
′
a
))
= −4πG
3
(
ρm,s − 2ρΛ0
)
as
⇐⇒ a′′s = a′s
(a′
a
− H
′
H
)
− 4πG
3
(
ρm,s − 2ρΛ0
)
a2as
H2
where ρm,s = ρm,s,init
(as,init
as
)3
.
(B.25)
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B.1.3 Spherical Collapse in Dark Energy Universe Models
The Friedmann equations which describes universes that includes a dark energy com-
ponent has the same form as (B.18) and (B.19), and also follows the same derivation
that led to these. But there are some important diﬀerences such as the density ρX ,
which represents the density of the dark energy, which in general no longer is a constant,
but a function of the scalefactor. Thus
ρΛ ≡ ρΛ0 −→ ρX = ρX0a−3(1+w) (B.26)
where ρX0 is the density of the dark energy at present cosmic time, and w is related
to the equation of state pX = wρX of the universe model. Now, this opens for two
diﬀerent cases to be considered separately
1 : The dark energy is homogeneous all over the universe
=⇒ the dark energy within the sphere is ∝ a−3(1+w). (B.27)
2 : The dark energy is clustering and thus is not homogeneous
all over the universe
=⇒ the dark energy within the sphere is ∝ a−3(1+w)s .
(B.28)
From now on the dark energy is characterized by w ∈ [−1, 0]. The renaming Λ −→ X
is to emphasize that there is now no cosmological constant in these universe models
(except when w = −1). Thus, the Friedmann equations in this context are
a˙2
a2
=
8πG
3
ρ (B.29)
a¨
a
= −4πG
3
(
ρ+
3p
c2
)
(B.30)
where
ρ = ρm + ρX ≡ ρm0a−3 + ρX0a−3(1+w) and p = pm + pX ≡ 0 + wρXc2 (B.31)
Note that, in all of the following equations, one gets the corresponding equations
used in the ΛCDM universe model (B.1.2) when one sets w = −1. That is, ρX =
ρX0a
−3(1+w) = ρX0a
−3(1+(−1)) = ρX0 = ρΛ0 and p = pm + pX ≡ 0 + wρXc2 = −ρΛc2.
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a′ :
(B.29) and (B.31) =⇒ a˙ =
(
8πG
3
(
ρm0a
−3 + ρX0a
−3(1+w)
)) 1
2
a
LHS: During the derivation of (B.7) it is shown that a˙ = −a′H
a
RHS:
(
8πG
3
(
ρm0a
−3 + ρX0a
−3(1+w)
)) 1
2
a =
(
H20
3H2
0
8πG
(
ρm0a
−3 + ρX0a
−3(1+w)
)) 12
a
= H0
(ρm0
ρc0
a−3 +
ρX0
ρc0
a−3(1+w)
) 1
2
a = H0
(
Ωm0a
−3 +ΩX0a
−3(1+w)
) 1
2
a
where Ωm0 ≡ ρm0
ρc0
, ΩX0 ≡ ρX0
ρc0
, and Ωm0 +ΩX0 = 1 implied
from (2.68) and (2.69), respectively.
Thus − a′H
a
= H0
(
Ωm0a
−3 +ΩX0a
−3(1+w)
) 1
2
a
⇐⇒ a′ = −H0
(
Ωm0a
−3 +ΩX0a
−3(1+w)
) 1
2 a2
H
(B.32)
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a′′ :
(B.30) and (B.31) =⇒ a¨ = −4πG
3
(
ρm + ρX +
3
c2
(wρXc
2)
)
a
where ρm = ρm0a
−3 and ρX = ρX0a
−3(1+w).
LHS: During the derivation of (B.8) it is shown that
a¨ =
H
a
(Ha′′
a
+
H ′a′
a
+Ha′
)
RHS: − 4πG
3
(
ρm + ρX +
3
c2
(wρXc
2)
)
a = −4πG
3
(
ρm + (1 + 3w)ρX
)
a
−→ H
a
(Ha′′
a
+
H ′a′
a
+Ha′
)
= −4πG
3
(
ρm + (1 + 3w)ρX
)
a
⇐⇒ a′′ = −4πG
3
(
ρm + (1 + 3w)ρX
) a3
H2
− a′
(H ′
H
+ a
)
(B.33)
H(a) :
LHS: During the derivation of (B.32) it is shown that:
a˙ = H0
(
Ωm0a
−3 +ΩX0a
−3(1+w)
) 1
2
a
⇐⇒ a˙
a
≡ H(a) = H0
(
Ωm0a
−3 +ΩX0a
−3(1+w)
) 1
2
(B.34)
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H ′ :
(B.34) =⇒ H = H0
(
Ωm0a
−3 +ΩX0a
−3(1+w)
) 1
2
LHS:
dH
dz
≡ H ′
RHS:
d
dz
(
H0
(
Ωm0a
−3 +ΩX0a
−3(1+w)
) 1
2
)
=
H0
2
(
Ωm0a
−3 +ΩX0a
−3(1+w)
)− 1
2
(
− 3Ωm0a−4a′ − 3(1 + w)ΩX0a−3(1+w)−1a′
)
= −3
2
H0
(
Ωm0a
−3 +ΩX0a
−3(1+w)
)− 1
2
(
Ωm0a
−4 + (1 + w)ΩX0a
−3(1+w)−1
)
a′
−→ H ′ = −3
2
H0
(
Ωm0a
−3 +ΩX0a
−3(1+w)
)− 1
2
(
Ωm0a
−4 + (1 + w)ΩX0a
−3(1+w)−1
)
a′
(B.35)
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a′′s :
(B.30) and (B.31) =⇒ a¨s = −4πG
3
(
ρs +
3ps
c2
)
as
where ρs = ρm,s + ρX,s, ρm,s = ρm,s,init
(
as,init
as
)3
is the CDM density of the sphere
and ρX,s is the dark energy density of the sphere and is explained at the end
of this page. ρm,s,init is the CDM density of the sphere at the initial time for the
calculation of its evolution. as,init is the sphere’s scalefactor at that same initial time.
ps = pm,s + pX,s, where pm,s = 0 for CDM, and pX,s is given by the equation of
state, pX,s = wρX,sc
2, implied by (2.65).
LHS: During the derivation of (B.11) it is shown that a¨s =
H2
a2
(
a′′s + a
′
s
(H ′
H
− a
′
a
))
RHS: − 4πG
3
(
ρs +
3ps
c2
)
as = −4πG
3
(
ρm,s + ρX,s +
3
c2
(wρX,sc
2)
)
as
= −4πG
3
(
ρm,s + (1 + 3w)ρX,s
)
as
−→ H
2
a2
(
a′′s + a
′
s
(H ′
H
− a
′
a
))
= −4πG
3
(
ρm,s + (1 + 3w)ρX,s
)
as
⇐⇒ a′′s = a′s
(a′
a
− H
′
H
)
− 4πG
3
(
ρm,s + (1 + 3w)ρX,s
)
a2as
H2
where
ρX,s represent the two diﬀerent cases (B.27) and (B.28), respectively:
Case 1: ρX,s = ρX0a
−3(1+w)
Case 2: ρX,s = ρX,s,init
(
as,init
as
)3(1+w)
where ρX0 is the background dark energy density at present, and
ρX,s,init is the dark energy density at the initial time for the calculation
of the sphere’s evolution.
(B.36)
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C.1 Verification of the Code
It is important that the data simulated by the code can be veriﬁed by comparison with
analytical values. These analytical values where derived from the spherical collapse
model in chapter 4.4 and presented in the boxes (4.35), (4.36), (4.37), (4.38), and
(4.44). More credence can be given new data when the code is modiﬁed to simulate
spherical collapse in other types of universe models, and for which it do not exists
analytical data to compare with.
Below is three plots showing the simulated data of a spherical collapse in the EdS
universe. In the same plots is the related analytical value for comparison. These
simulations are satisfactory enough in the context of the spherical collapse model. The
data which are being compared are
• The turnaround point (4.38): ∆ta
• The virialization point (4.44): ∆vir and Rvir
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Figure C.1: The numerical data for the density contrast ∆ta at turnaround. From the box
(4.44), its analytical value is ≈ 4.551653.
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Figure C.2: The numerical data for the virialization radius given as Rvir/Rta. From the box
(4.44), its analytical value is 0.5.
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Figure C.3: The numerical data for the density contrast ∆vir at virialization. For the bottom
plot in ﬁgure 5.6 in section 5.3 it was emphasized that instead of using the constant analytical
value derived and then given in (4.44), this thesis relate to another constant analytical value
≈ 145.8412454. This also represents the density contrast ∆vir at virialization for the EdS
universe but it is derived from another deﬁnition of virialization. For more info see John A.
Peacock [14] p. 489.
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